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Frqglwlrqdo Yrodwlolw|/ Vnhzqhvv/ dqg Nxuwrvlv=
H{lvwhqfh dqg Shuvlvwhqfh
Hulf MrqghdxW Plfkdho Urfnlqjhu_
Mxo| 5333
Devwudfw
Uhfhqw sruwirolr fkrlfh/ dvvhw sulflqj/ dqg rswlrq ydoxdwlrq prghov kljkoljkw wkh lpsruwdqfh ri
vnhzqhvv dqg nxuwrvlv1 Vlqfh vnhzqhvv dqg nxuwrvlv duh uhodwhg wr h{wuhph yduldwlrqv/ wkh| duh dovr
lpsruwdqw iru Ydoxh0dw0Ulvn phdvxuhphqwv1 Rxu iudphzrun exlogv rq d JDUFK prgho zlwk d frqgl0
wlrqdo jhqhudol}hg0w glvwulexwlrq iru uhvlgxdov1 Zh frpsxwh wkh vnhzqhvv dqg nxuwrvlv iru wklv prgho
dqg frpsduh wkh udqjh ri wkhvh prphqwv zlwk wkh pd{lpdo wkhruhwlfdo prphqwv1 Rxu prgho/ wkxv/
doorzv iru wlph0ydu|lqj frqglwlrqdo vnhzqhvv dqg nxuwrvlv1 Zh lpsohphqw wkh prgho dv d frqvwudlqhg
rswlpl}dwlrq zlwk srvvleo| vhyhudo wkrxvdqg uhvwulfwlrqv rq wkh g|qdplfv1 D vhtxhqwldo txdgudwlf
surjudpplqj dojrulwkp vxffhvvixoo| hvwlpdwhv doo wkh prghov/ rq d SF/ zlwklq dw prvw 83 vhfrqgv1
Hvwlpdwruv/ rewdlqhg zlwk orjlvwlfdoo|0frqvwudlqhg g|qdplfv/ kdyh gl￿huhqw surshuwlhv1 Zh dsso| wklv
prgho wr gdlo| dqg zhhno| iruhljq h{fkdqjh uhwxuqv/ vwrfn uhwxuqv/ dqg lqwhuhvw0udwh fkdqjhv1 Zh vkrz
wkdw vnhzqhvv h{lvwv iru pdq| gdwhv dqg iru doprvw doo vhulhv h{fhsw vkruw0whup lqwhuhvw0udwh fkdqjhv1
Wklv ￿qglqj lv frqvlvwhqw zlwk ￿qglqjv iurp h{wuhph ydoxh wkhru|1 Nxuwrvlv h{lvwv rq ihzhu gdwhv dqg
iru ihzhu vhulhv1 Wkhuh lv olwwoh hylghqfh/ dw wkh zhhno| iuhtxhqf|/ ri wlph0yduldelolw| ri frqglwlrqdo
kljkhu prphqwv1 Wudqvlwlrq pdwulfhv grfxphqw wkdw djlwdwhg vwdwhv frph dv d vxusulvh dqg wkdw
wkhuh lv d fhuwdlq shuvlvwhqfh lq prphqwv eh|rqg yrodwlolw|1 Iru h{fkdqjh0udwh dqg vwrfn0pdunhw gdwd/
furvv0vhfwlrqdoo| dqg dw gdlo| iuhtxhqf|/ zh dovr grfxphqw fr0yduldelolw| ri prphqwv eh|rqg yrodwlolw|1
Nh|zrugv= JDUFK/ Vwrfn lqglfhv/ H{fkdqjh udwhv/ Lqwhuhvw udwhv/ VQRSW/ YdU1
MHO fodvvl￿fdwlrq= F55/ F84/ J451
WEdqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh1
_KHF 0 Vfkrro ri Pdqdjhphqw> Edqtxh gh Iudqfh/ Fhqwuh gh uhfkhufkh> FHSU1
Fruuhvsrqglqj dxwkru= Plfkdho Urfnlqjhu/ KHF0Vfkrro ri Pdqdjhphqw/ Ghsduwphqw ri Ilqdqfh/ :;684 Mrx|0
hq0Mrvdv/ Iudqfh/ urfnlqjhuCkhf1iu1 Wkh vhfrqg dxwkru dfnqrzohgjhv khos iurp wkh KHF Irxqgdwlrq dqg wkh
Hxurshdq Frppxqlw| WPU Judqw= ￿Ilqdqfldo Pdunhw H!flhqf| dqg Hfrqrplf H!flhqf|1￿ Zh dovr zlvk wr wkdqn
Mhdq Fruglhu/ Vrsklh Frxwdqw/ dv zhoo dv Vdqyl Dyrx|l0Gryl iru wkhlu frpphqwv1 Wklv sdshu zdv zulwwhq gxulqj d
pxfk dssuhfldwhg vwd| ri wkh vhfrqg dxwkru dw XFVG1 D yhu| vshfldo wkdqnv jrhv wr Sklols Jloo iru klv h{sodqdwlrqv
rq rswlpl}dwlrq dqg khos zlwk VQRSW1 Wkh xvxdo glvfodlphu dssolhv1 Wkh Edqtxh gh Iudqfh grhv qrw qhfhvvdulo|
hqgruvh wkh ylhzv h{suhvvhg lq wklv sdshu1
44 Lqwurgxfwlrq
Wkh iroorzlqj sdshu txhvwlrqv wkh h{lvwhqfh dqg shuvlvwhqfh ri frqglwlrqdo vnhzqhvv dqg nxuwrvlv ri
ydulrxv ￿qdqfldo vhulhv wdnhq dw gdlo| dqg zhhno| iuhtxhqf|1 Lw dovr dgguhvvhv wkh lvvxh zkhwkhu prgholqj
kljkhu prphqwv d￿hfwv wkh g|qdplfv ri yrodwlolw|1 Wr dgguhvv wklv txhvwlrq/ zh exlog rq Kdqvhq +4<<7,
zkr sursrvhv d JDUFK prgho zkhuh frqglwlrqdo uhvlgxdov duh prghohg dv d jhqhudol}hg Vwxghqw0w
glvwulexwlrq1 Wkh jhqhudol}hg0w glvwulexwlrq lv dv|pphwulf dqg doorzv iru idw0wdlohgqhvv1 Zh ￿uvw h{suhvv
vnhzqhvv dqg nxuwrvlv ri Kdqvhq*v JDUFK prgho dv d ixqfwlrq ri wkh xqghuo|lqj sdudphwhuv1 Iru d
jlyhq g|qdplf vwuxfwxuh ri wkh xqghuo|lqj sdudphwhuv/ wkhvh frpsxwdwlrqv fkdudfwhul}h wkh frqglwlrqdo
hyroxwlrq ri vnhzqhvv dqg nxuwrvlv1
D ixuwkhu wkhruhwlfdo frqwulexwlrq lv wkh fkdudfwhul}dwlrq/ frqglwlrqdo rq nxuwrvlv ehlqj ￿qlwh/ ri wkh
odujhvw srvvleoh grpdlq ri vnhzqhvv dqg nxuwrvlv iru zklfk d ghqvlw| h{lvwv zlwk d }hur phdq dqg d xqlw
yduldqfh1 Zh dfklhyh wklv fkdudfwhul}dwlrq xvlqj uhvxowv iurp wkh vr0fdoohg Kdpexujhu +4<53, sureohp1
Wkhvh uhvxowv jr edfn wr Vwlhowmhv +4;<7, dqg duh dovr uhodwhg zlwk wkh olwwoh Kdxvgru￿ +4<54d/e, sureohp1
Frqglwlrqdo rq wkh dvvxpswlrq wkdw nxuwrvlv dqg khqfh vnhzqhvv h{lvw/ zh vkrz wkdw wkh prphqwv ri wkh
jhqhudol}hg Vwxghqw0w glvwulexwlrq duh zd| zlwklq wkh pd{lpdo vhw ri vnhzqhvv0nxuwrvlv1 Dq dgydqwdjh
ri xvlqj wkh jhqhudol}hg0w glvwulexwlrq lv wkdw prphqwv pd| ehfrph lq￿qlwh1 Khqfh/ lw lv srvvleoh wr
ghwhuplqh wkrvh shulrgv zkhq kljkhu prphqwv gr qrw h{lvw1
Wkh prgho lv lqvsluhg e| Hqjoh +4<;5, dqg Eroohuvohy +4<;9, lq wkh zd| yrodwlolw| lv ghwhuplqhg1 Iru
wkh jhqhudol}hg Vwxghqw0w glvwulexwlrq/ erwk wkh dv|pphwu| dqg wkh idw0wdloqhvv sdudphwhuv duh prghohg
dv d ixqfwlrq ri odjjhg lqqrydwlrqv1 Jlyhq wkdw wkh jhqhudol}hg Vwxghqw0w glvwulexwlrq zloo rqo| eh
gh￿qhg iru fhuwdlq sdudphwhuv/ lw lv qhfhvvdu| wr lpsrvh frqvwudlqwv rq wkh g|qdplf vshfl￿fdwlrq1 Jlyhq
wkh g|qdplf qdwxuh ri wkh sureohp/ wklv uhvxowv lq d qxpehu ri frqvwudlqwv sursruwlrqdo wr wkh qxpehu
ri revhuydwlrqv1 Iru lqvwdqfh/ rxu gdlo| vwrfn0lqgh{ gdwdvhw lqyroyhv W @: 4 8 ;revhuydwlrqv/ |lhoglqj
dq hvwlpdwlrq zlwk 5.6 + W ￿ 5, @ 547:3 uhvwulfwlrqv1 Wklv gl!fxow hvwlpdwlrq sureohp lv vroyhg xvlqj
d uhfhqw vrsklvwlfdwhg vhtxhqwldo txdgudwlf rswlpl}dwlrq dojrulwkp lpsohphqwhg lq VQRSW/ vhh Jloo/
Pxuud|/ dqg Vdxqghuv +4<<:/ 4<<<,1
Zh hvwlpdwh wkh prgho iru vl{ iruhljq h{fkdqjh uhwxuqv/ ￿yh vwrfn uhwxuqv/ irxu vkruw0whup lqwhuhvw0
udwh fkdqjhv/ dqg ￿yh orqj0whup lqwhuhvw0udwh fkdqjhv1 Wkh iruhljq h{fkdqjh vhulhv vwduw rq Mxo| 59/ 4<<4/
wkh vwrfn lqglfhv rq Dxjxvw 56/ 4<:4/ wkh 60prqwk udwhv rq Mdqxdu| 6/ 4<:8/ dqg wkh 430|hdu udwhv rq
Pdl 53/ 4<;91 Doo vhulhv hqg rq Vhswhpehu 6/ 4<<<1 Zh lqyhvwljdwh wkh h{lvwhqfh ri frqglwlrqdo vnhzqhvv
dqg nxuwrvlv erwk dw gdlo| dqg zhhno| iuhtxhqflhv1 Iru h{fkdqjh0udwh dqg vwrfn0pdunhw gdwd/ zh dovr
lqyhvwljdwh wkh shuvlvwhqfh ri prphqwv lq d wlph0vhulhv frqwh{w dqg furvv0vhfwlrqdoo|1
Rxu ￿qglqjv duh ri lpsruwdqfh iru ydulrxv vwudqgv ri olwhudwxuh wkdw uhfhqwo| hpskdvl}hg wkh lpsru0
wdqfh iru dvvhw uhwxuqv ri prphqwv eh|rqg wkh vhfrqg rqh1 Zlwklq d Fdslwdo Dvvhw Sulflqj Prgho/ lqwhuhvw
lq prphqwv eh|rqg yrodwlolw| jrhv edfn wr wkh zrun ri Nudxv dqg Olw}hqehujhu +4<:9,1 Ixuwkhu zrun
lq wkdw duhd lv e| Iulhqg dqg Zhvwhu￿hog +4<;3,/ Edurqh0Dghvl +4<;8,/ Vhduv dqg Zhl +4<;8/ 4<;;,/ dqg
pruh uhfhqwo| e| Idqj dqg Odl +4<<:,/ Wdq +4<<4,/ Ndq dqg ]krx +4<<<,/ Kduyh| dqg Vlggltxh +4<<</
55333,1 Iru hphujlqj frxqwulhv/ Kzdqj dqg Vdwfkhoo +4<<<, prgho ulvn suhpld xvlqj kljkhu prphqwv1
Zlwk rxu prgho dqg hvwlpdwlrq whfkqltxh/ lw lv srvvleoh wr h{whqg wkhvh prghov wr frqglwlrqdo yhuvlrqv1
Dqrwkhu vwudqg ri olwhudwxuh lqlwldwhg e| Pdqghoeurw +4<96, dqg Idpd +4<96, uhfrjql}hv wkh srvvlelolw|
wkdw dvvhw uhwxuqv kdyh vxfk idw wdlov dv wr suhyhqw h{lvwhqfh ri prphqwv eh|rqg wkh ￿uvw rqh1 Hyhq wkrxjk
wkh qrq0h{lvwhqfh ri d vhfrqg prphqw dsshduv txhvwlrqdeoh/ wkhuh uhpdlqv wkh txhvwlrq ri wkh h{lvwhqfh
ri frqglwlrqdo prphqwv1 Wklv w|sh ri txhvwlrq pd| eh hdvlo| dgguhvvhg zlwk rxu prgho1 Rxu prgho
lqyroyhv d vhw ri sdudphwhuv wkdw duh uhodwhg wr vnhzqhvv dqg nxuwrvlv1 Zh hvwlpdwh rxu prgho xqghu wkh
frqvwudlqwv wkdw d ghqvlw| h{lvwv1 Wkh gdwd wkhq ghflghv li/ ixuwkhupruh/ d vnhzqhvv dqg dovr srvvleo| d
nxuwrvlv h{lvw1 Zh vkrz wkdw/ iru 60prqwk lqwhuhvw0udwh fkdqjhv/ wkh wklug prphqw grhv qrw dsshdu wr
h{lvw1 Iru wkh rwkhu vhulhv/ vnhzqhvv dsshduv wr h{lvw prvw ri wkh wlph exw qrw nxuwrvlv1 Wklv w|sh ri
uhvxow lv dovr uhodwhg wr h{wuhph ydoxh wkhru|1 Lq wkdw ￿hog/ lw kdv ehhq vkrzq e| Oruhwdq dqg Skloolsv
+4<<;, wkdw prphqwv eh|rqg wkh wklug rqh gr qrw dsshdu wr h{lvw1
Rxu prgho kdv dovr lpsolfdwlrqv iurp d sxuho| hfrqrphwulf srlqw ri ylhz1 Lq hfrqrphwulf dssolfdwlrqv
li khwhurvnhgdvwlflw| kdv ehhq ghdow zlwk wkurxjk dq dgmxvwphqw ri vwdqgdug huuruv/ l1h1/ Zklwh +4<;3,/
Qhzh| dqg Zhvw +4<;:,/ dqg wkh uroh ri vhfrqg rughu frqglwlrqdo ghshqghqf| kdv ehhq frqvlghuhg lq
Eroohuvohy dqg Zrrogulgjh +4<;5,1 Vr idu lw kdv qrw ehhq srvvleoh wr dgmxvw iru khwhurvnhgdvwlflw| ri
prphqwv eh|rqg yduldqfh1 Wkh whfkqrorj| sursrvhg lq wklv zrun pd| eh dgdswhg wr vlwxdwlrqv zkhuh
kljkhu prphqwv qhhg wr eh h{solflwo| prghohg/ dqg/ wkxv/ d jdlq lq h!flhqf| pd| eh dwwdlqhg1
Wkh vwuxfwxuh ri wklv sdshu lv dv iroorzv1 Lq vhfwlrq 5/ zh suhvhqw rxu prgho dqg wkh prphqwv
jhqhudwhg e| lw1 Lq wkdw vhfwlrq/ zh dovr lqglfdwh krz vxfk d prgho pd| eh hvwlpdwhg1 Zh uhodwh rxu
sureohp wr wkh olwwoh Kdxvgru￿ sureohp dqg glvfxvv wkh vhw ri vnhzqhvv0nxuwrvlv sdluv wkdw duh jhqhudwhg
e| rxu prgho1 Lq vhfwlrq 6/ zh suhvhqw wkh gdwd1 Lq vhfwlrq 7/ zh glvfxvv wkh sdudphwhu hvwlpdwhv1 Lq
vhfwlrq 8/ zh dgguhvv wkh lvvxh ri h{lvwhqfh dqg shuvlvwhqfh ri frqglwlrqdo vnhzqhvv dqg nxuwrvlv1 Wkhq/
zh frqvlghu fr0yduldelolw| ehwzhhq pdunhwv ri prphqwv eh|rqg yrodwlolw|1 Lq vhfwlrq 9/ zh frqfoxgh zlwk
gluhfwlrqv iru ixuwkhu uhvhdufk1 Dqdo|wlfdo uhvxowv duh jlyhq lq wkh dsshqgl{1
5 D prgho iru frqglwlrqdo vnhzqhvv dqg nxuwrvlv
514 Wkh jhqhudol}hg Vwxghqw0w glvwulexwlrq
Rxu prgho exlogv rq wkh JDUFK prgho ri Hqjoh +4<;5, dqg ri Eroohuvohy +4<;9,1 Frqfhuqlqj JDUFK
prghov/ rqh pd| frqvxow wkh uhylhz e| Eroohuvohy/ Fkrx/ dqg Nurqhu +4<<5,1 Zlwklq wklv fodvv ri prghov/
lw lv zhoo nqrzq wkdw uhvlgxdov duh qrq0qrupdo1 Wklv uhvxow kdv ohg wr wkh lqwurgxfwlrq ri idw0wdlohg
glvwulexwlrqv1 Qhovrq +4<<7, frqvlghuv wkh jhqhudol}hg huuru glvwulexwlrq1 Eroohuvohy dqg Zrrogulgjh
+4<<5, frqvlghu wkh fdvh ri d Vwxghqw0w glvwulexwlrq14 Hqjoh dqg Jrq}doh}0Ulyhud +4<<4, prgho uhvlgxdov
qrq0sdudphwulfdoo|1 Hyhq wkrxjk wkhvh frqwulexwlrqv uhfrjql}h wkh idfw wkdw huuruv kdyh idw wdlov/ wkh|
gr qrw uhqghu wkh wdlov wlph ydu|lqj/ l1h1/ wkh sdudphwhuv ri wkh huuru glvwulexwlrq duh dvvxphg wr eh
4Iru d gh￿qlwlrq ri wkh wudglwlrqdo Vwxghqw0w glvwulexwlrq/ vhh iru lqvwdqfh Prrg/ Jud|eloo/ dqg Erhv +4<;5,1
6frqvwdqw1
Kdqvhq +4<<7, lv wkh ￿uvw wr sursrvh d prgho wkdw doorzv iru frqglwlrqdo kljkhu prphqwv1 Kh dfklhyhv
wklv e| lqwurgxflqj d jhqhudol}dwlrq ri wkh Vwxghqw0w glvwulexwlrq zkhuh dv|pphwulhv pd| rffxu/ zkloh
pdlqwdlqlqj wkh dvvxpswlrq ri d }hur phdq dqg xqlw yduldqfh1 E| dvvxplqj wkdw sdudphwhuv duh ghshq0
ghqw rq sdvw uhdol}dwlrqv/ kh vkrzv wkdw sdudphwhuv pd| eh pdgh wlph ydu|lqj/ dqg wkxv wkdw kljkhu0
prphqwv pd| eh pdgh wlph ydu|lqj15 Lq wkh ￿qdqfh olwhudwxuh/ Kduyh| dqg Vlggltxh +4<<<, lqwurgxfh d
qrq0fhqwudo Vwxghqw0w glvwulexwlrq1
Kdqvhq*v Vwxghqw0w glvwulexwlrq lv gh￿qhg e|
j+}m￿>￿,@
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Li d udqgrp yduldeoh ] kdv wkh ghqvlw| j+}m￿>￿,/ zh zloo zulwh ] ￿ KW+}m￿>￿,= Lqvshfwlrq ri wkh ydulrxv
irupxodv uhyhdov wkdw wklv ghqvlw| lv gh￿qhg iru 5 ?￿?4 dqg ￿4 ?￿?41 Ixuwkhupruh/ wklv ghqvlw|
hqfrpsdvvhv d odujh vhw ri frqyhqwlrqdo ghqvlwlhv1 Iru lqvwdqfh/ li ￿ @3 > Kdqvhq*v glvwulexwlrq uhgxfhv wr
wkh wudglwlrqdo Vwxghqw0w glvwulexwlrq1 Zh uhfdoo wkdw wkh wudglwlrqdo Vwxghqw0w glvwulexwlrq lv qrw vnhzhg1
Li lq dgglwlrq ￿ @ 4> wkh Vwxghqw0w glvwulexwlrq froodsvhv wr d qrupdo ghqvlw|1 Iljxuh 4 glvsod|v ydulrxv
ghqvlwlhv rewdlqhg iru gl￿huhqw ydoxhv ri ￿ dqg ￿1 Zh qrwlfh wkdw ￿ frqwurov vnhzqhvv= li ￿ lv srvlwlyh/
wkh suredelolw| pdvv frqfhqwudwhv lq wkh uljkw wdlo1
Lw lv zhoo nqrzq wkdw d wudglwlrqdo Vwxghqw0w zlwk ￿ ghjuhhv ri iuhhgrp doorzv iru wkh h{lvwhqfh ri doo
prphqwv xs wr wkh ￿wk1 Wkhuhiruh/ jlyhq wkh uhvwulfwlrq ￿A5/ Kdqvhq*v vnhzhg w glvwulexwlrq lv zhoo
gh￿qhg dqg lwv vhfrqg prphqw h{lvwv1 Wkh kljkhu prphqwv duh qrw jlyhq gluhfwo| e| wkh sdudphwhu ￿/
exw irupxodv h{lvw iru wkhvh prphqwv1 Zh hvwdeolvk qrz wkh irupxodv ri wkh kljkhu prphqwv ri Kdqvhq*v
jhqhudol}hg0w glvwulexwlrq1
Zh vkrz lq dsshqgl{ D wkdw/ li ] ￿ KW+}m￿>￿,/ wkhq ] kdv }hur phdq dqg xqlw yduldqfh1 Ixuwkhu0
pruh/ gh￿qlqj d udqgrp yduldeoh [ zlwk phdq d dqg vwdqgdug ghyldwlrq e/ rewdlqhg zlwk [ @ e] . d/
dqg p￿ ￿ H^[￿‘/ zh ￿qg wkdw
H^]￿‘@^ p￿ ￿ 6dp 2 .5 d￿‘@e￿> +5,
H^]e‘@^ pe ￿ 7dp ￿ .9 d2p2 ￿ 6de‘@ee> +6,
zkhuh
p2 @4 . 6 ￿2
5Kdqvhq grhv qrw glvfxvv wkh olqn ehwzhhq sdudphwhuv dqg kljkhu prphqwv1
7p￿ @4 9 f￿+4 . ￿2,
+￿ ￿5,2





+4 . 43￿2 .8 ￿e, li ￿A7=
Vlqfh ] kdv }hur phdq dqg xqlw yduldqfh/ zh rewdlq wkdw vnhzqhvv +Vn, dqg nxuwrvlv +Nx, duh gluhfwo|
uhodwhg wr wkh wklug dqg irxuwk prphqwv=
Vn^]‘@H^]￿‘> Nx^]‘@H^]e‘=
H{fhvv nxuwrvlv lv gh￿qhg dv [Nx @ Nx ￿ 61
Zh qrwlfh dw wklv vwdjh wkdw wkh ghqvlw| dqg wkh ydulrxv prphqwv gr qrw h{lvw iru doo sdudphwhuv1
Jlyhq wkh zd| dv|pphwu| lv lqwurgxfhg/ zh pxvw kdyh ￿4 ?￿?41 Wkh ghqvlw| j lv phdqlqjixo li ￿A51
Fduhixo vfuxwlq| ri wkh dojheud |lhoglqj htxdwlrq +5, vkrzv wkdw vnhzqhvv h{lvwv li ￿A61 Odvw/ nxuwrvlv
lq htxdwlrq +6, lv zhoo gh￿qhg li ￿A7=6
Jlyhq wkhvh uhvwulfwlrqv rq wkh xqghuo|lqj sdudphwhuv/ lw lv fohdu wkdw vnhzqhvv dqg nxuwrvlv zloo dovr
eh uhvwulfwhg wr fhuwdlq grpdlqv1 Iljxuh 5 +6, wudfhv wkh vnhzqhvv +uhvshfwlyho| nxuwrvlv, vxuidfh iru
jlyhq ydoxhv ri ￿ dqg ￿1 Irfxvlqj rq ￿jxuh 5/ zh qrwlfh wkdw iru vpdoo ydoxhv ri ￿ wkh udqjh ri srvvleoh
vnhzqhvv lv odujh1 Rq wkh rwkhu kdqg/ zkhq rqh voljkwo| lqfuhdvhv ￿ eh|rqg 7/ wkh vxuidfh vwurqjo| ohyhov
rxw1 Zkhq zh frqvlghu wkh fdvh ri nxuwrvlv lq ￿jxuh 6/ zh yhuli| d ghjhqhudf| dv ￿ uhdfkhv lwv erxqgdu|
ydoxh ri 71 Wr jhw d ehwwhu ihho iru wkh srvvleoh udqjh ri vnhzqhvv wkdw rqh fdq rewdlq dv ￿ ydulhv ehwzhhq
￿4 dqg 4/ zh wudfh lq ￿jxuh 7 ydulrxv fxuyhv fruuhvsrqglqj wr vhohfwhg ydoxhv ri ￿= Iru wkh fdvh zkhuh
￿ wdnhv wkh ydoxh 7=8/ khqfh zkhq nxuwrvlv h{lvwv/ zh qrwlfh d vwurqj uhvwulfwlrq iru vnhzqhvv udqjlqj
ehwzhhq ￿6 dqg 61 Fohduo|/ iru hyhq kljkhu ydoxhv ri ￿/ wkh srvvleoh udqjh ri vnhzqhvv ghfuhdvhv hyhq
ixuwkhu1
Wklv odvw slfwxuh looxvwudwhv wkh idfw wkdw iru d jlyhq ohyho ri nxuwrvlv rqo| d ￿qlwh vhw ri vnhzqhvv pd|
h{lvw1 Wklv udlvhv wkh pruh jhqhudo txhvwlrq ri h{lvwhqfh ri d ghqvlw| iru jlyhq prphqwv1 Zh dgguhvv wklv
lvvxh lq wkh qh{w vhfwlrq1
515 Wkh prphqw sureohp





kdv douhdg| ehhq dgguhvvhg lq wkh ixqfwlrqdo dqdo|vlv olwhudwxuh1 Wkhuh duh hvvhqwldoo| wzr dssurdfkhv1
Wkh ￿uvw dssurdfk lv glvfxvvhg lq Zlgghu +4<79,1 Wkh fdvh d @3 / e @ 4 kdv ehhq lqyhvwljdwhg e|
Vwlhowmhv +4;<7, dqg zdv prwlydwhg e| d sureohp lvvxhg iurp sk|vlfv17 Wkh fdvh d @3dqg e @4kdv
ehhq vwxglhg e| Kdxvgru￿ +4<54d/ 4<54e,/ dqg lv fdoohg wkh olwwoh Kdxvgru￿ sureohp1 Wkh vlwxdwlrq ri
6Lq hpslulfdo dssolfdwlrqv/ zh zloo rqo| lpsrvh wkdw #:2 dqg ohw wkh gdwd ghflgh iru lwvhoi li iru d jlyhq wlph shulrg d
jlyhq prphqw h{lvwv1
7Wkh ￿uvw prphqw dsshduv dv d fhqwhu ri judylw| dqg wkh vhfrqg prphqw lv lqwhusuhwhg dv wkh lqhuwld1
8lqwhuhvw iru xv/ d @ ￿4 dqg e @. 4/ kdv ehhq vwxglhg e| Kdpexujhu +4<53,1 D vhfrqg dssurdfk wr wkh
prphqw sureohp lv glvfxvvhg lq Ednhu dqg Judyhv0Pruulv +4<<9, dqg lqyroyhv Sdg￿ dssur{lpdqwv1
D ￿uvw uhvxow lv wkdw d vroxwlrq wr htxdwlrq +7, lv qrw xqltxh1 Zlgghu +4<79, surylghv d frxqwhu0
h{dpsoh1 Qh{w/ wkhuh lv wkh txhvwlrq ri frqglwlrqv wkdw pxvw eh vdwlv￿hg e| ￿￿ wr hqvxuh h{lvwhqfh
ri d vroxwlrq wr htxdwlrq +7,1 Wkh dqvzhu wr wklv txhvwlrq lv wkdw wkh vhtxhqfh ￿￿ pxvw eh srvlwlyh
gh￿qlwh +Zlgghu/ 4<79/ s1 467/ Wkhruhp 451d,1 Wklv phdqv wkdw wkh iroorzlqj vhtxhqfh ri qxpehuv dqg
ghwhuplqdqwv pxvw vdwlvi|
￿f ￿ 3
￿ ￿ ￿ ￿ ￿ ￿
￿f ￿￿
￿￿ ￿2
￿ ￿ ￿ ￿ ￿ ￿
￿ 3>




￿ ￿ ￿ ￿ ￿ ￿ ￿ ￿ ￿
￿ 3￿￿￿=
Lq sduwlfxodu/ iru wkh irxu0prphqw sureohp/ zlwk ￿f @4 / ￿￿ @3 /d q g ￿2 @4 / wklv lpsolhv wkh iroorzlqj
uhodwlrq ehwzhhq vnhzqhvv ￿￿ dqg nxuwrvlv ￿e=
￿2
￿ ? 4.￿e/ zlwk ￿e A 3= +8,
Wklv uhodwlrq vkrzv wkdw/ iru d jlyhq ohyho ri nxuwrvlv/ rqo| d ￿qlwh vhw ri vnhzqhvv pd| eh uhdfkhg1 Jlyhq
wkdw/ iru d qrupdo ghqvlw|/ ￿e wdnhv wkh ydoxh 6/ wklv vkrzv wkdw d ghqvlw| zloo h{lvw iru ghqvlwlhv wkdw
pd| kdyh vljql￿fdqwo| wklqqhu wdlov wkdq wkh qrupdo ghqvlw|1
Iljxuh 8 looxvwudwhv wkh vnhzqhvv0nxuwrvlv erxqgdu| hqvxulqj wkh h{lvwhqfh ri d ghqvlw|1 Wkh fxuyh
DEF fruuhvsrqgv wr wkh grpdlq +8, iru wkh jhqhudo fdvh1 Wkh fxuyh GHIJ fruuhvsrqgv wr wkh grpdlq
ri dwwdlqdeoh vnhzqhvv dqg nxuwrvlv/ dvvxplqj ￿A31 Zh qrwlfh wkdw wkh nxuwrvlv fdqqrw eh ehorz 6/
lqglfdwlqj wkdw wkh jhqhudol}hg Vwxghqw0w glvwulexwlrq grhv qrw doorz iru wdlov wklqqhu wkdq wkh qrupdo
glvwulexwlrq1 Wkh pd{lpxp ydoxh iru vnhzqhvv lv dwwdlqhg zkhq ￿ $ 3 dqg ￿ $ 4 +ru ￿4,1 Lq wklv fdvh/
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+< ￿ 49￿ f2,
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1 Dssur{lpdwho|/ rqh ￿qgv ￿ ￿￿ @6 =<<:;1 Qrwh wkdw nxuwrvlv kdv wr wdnh
yhu| odujh ydoxhv iru ￿ ￿￿ wr eh dwwdlqdeoh1
Jlyhq wkhvh frqglwlrqv rq wkh h{lvwhqfh ri prphqwv/ zh pd| qrz frqvlghu rxu jhqhudo prgho1
516 D prgho iru wlph0ydu|lqj vnhzqhvv dqg nxuwrvlv
Ohw u|/ iru w @4 >￿￿￿>W/ eh uhdol}dwlrqv ri d yduldeoh ri lqwhuhvw1 Iru h{fkdqjh0udwh dqg vwrfn0pdunhw
gdwd/ wklv yduldeoh zloo eh d orj0uhwxuq1 Iru lqwhuhvw0udwh gdwd/ zh zloo frqvlghu fkdqjhv wkdw duh gh￿qhg
dv 433+U| ￿ U|3￿, zkhuh U| lv wkh lqwhuhvw udwh suhydlolqj dw w1 Zh dvvxph wkdw
u| @ ￿| . ||> +9,
|| @ ￿|￿|> +:,
￿2






￿| ￿ KW+￿|m￿|>￿ |,= +<,
9Htxdwlrq +9, ghfrpsrvhv wkh uhwxuq ri wlph w lqwr d frqglwlrqdo phdq/ ￿|/ dqg dq lqqrydwlrq/ ||1 Htxdwlrq
+:, gh￿qhv wklv lqqrydwlrq dv wkh surgxfw ehwzhhq frqglwlrqdo yrodwlolw|/ ￿|/ dqg d uhvlgxdo/ ￿|1W k h
qh{w htxdwlrq +;, ghwhuplqhv wkh g|qdplfv ri yrodwlolw|1 Zh xvh wkh qrwdwlrq |n @ pd{+|>3, dqg
|3 @ pd{+￿|>3,1 Vxfk d vshfl￿fdwlrq kdv ehhq vxjjhvwhg e| Jorvwhq/ Mdjdqqdwkdq/ dqg Uxqnho +4<<6,/
dqg e| ]dnr￿dq +4<<7,1 Lq htxdwlrq +<,/ zh vshfli| wkdw uhvlgxdov iroorz d jhqhudol}hg Vwxghqw0w zlwk
wlph0ydu|lqj sdudphwhuv +￿|>￿ |,1
Rxu vwdwhg dlp lv wr whvw iru shuvlvwhqfh dqg h{lvwhqfh ri frqglwlrqdo prphqwv1 Wklv phdqv wkdw zh
pxvw doorz iru wkh sdudphwhuv ri wkh jhqhudol}hg Vwxghqw0w glvwulexwlrq wr kdyh d g|qdplf vshfl￿fdwlrq1
Lw lv whpswlqj wr xvh iru ￿| dqg ￿| d vshfl￿fdwlrq vlplodu wr dq DUPD+4/4,/ wkxv uhvhpeolqj htxdwlrq
+;,1 Vxfk d vshfl￿fdwlrq lv/ krzhyhu/ kd}dugrxv1 Lqghhg/ iru ￿qdqfldo gdwd/ wkhuh h{lvw rxwolhuv +vxfk dv
wkh Rfwrehu 4<;: fudvk,1 Wklv lq wxuq pd| ohdg wr vsxulrxvo| vljql￿fdqw sdudphwhuv1 Wr vhh krz vxfk
vsxulrxv sdudphwhuv pd| dulvh ohw xv surfhhg zlwk d wkrxjkw h{shulphqw1 Zh dvvxph dq DUPD+4/4,
w|sh vshfl￿fdwlrq iru wkh sdudphwhuv vxfk dv
￿| @ d . eu|3￿ . f￿|3￿=
Ixuwkhupruh/ zh frqvlghu wkdw wkh gdwd uhvxowv iurp l1l1g1 qrupdo gdwd1 Qrz/ wkh hvwlpdwhv ri e dqg f zloo
eh vpdoo dqg vwdwlvwlfdoo| qrq0vljql￿fdqw1 Ehfdxvh ri udqgrp yduldwlrq/ e dqg f zloo qrw eh htxdo wr }hur/
dvvxph wkdw wkh| wdnh srvlwlyh ydoxhv1 Iru rxu wkrxjkw h{shulphqw zh frqvlghu qrz wkh uhsodfhphqw ri
u|3￿/ wkh uhwxuq dw wlph w ￿ 4/ e| d odujh srvlwlyh shuwxuedwlrq1 Kdg vxfk dq hyhqw h{lvwhg lq uhdolw|/ lw
zrxog kdyh fuhdwhg khdy| wdlohgqhvv1 Ehfdxvh dw wlph w/ ￿| qhhgv wr eh erxqghg deryh e| 4/ wkh surjudp
zloo frqyhujh dw d vroxwlrq zkhuh wkh lpsdfw dw wlph w lv xqgrqh1 Wklv lv dfklhyhg zlwk wkh fkrlfh ri d
odujh qhjdwlyh f wkdw pd| dsshdu vwdwlvwlfdoo| vljql￿fdqw hyhq li urexvw hvwlpdwhv/ l1h1/ Zklwh +4<;3,/ ri
wkh vwdqgdug huuru jhw xvhg1 Iru wklv uhdvrq/ zh zloo xvh d vshfl￿fdwlrq zlwkrxw odjjhg sdudphwhu=
￿| @ d￿ . e￿￿u|3￿ . e￿2u|32> +43,
￿| @ d2 . e2￿u|3￿ . e22u|32= +44,
Zh dovr kdyh wkh iroorzlqj frqvwudlqwv rq wkh sdudphwhuv
en
f . ff ? 4> +45,
e3
f . ff ? 4> +46,
5 ?￿ |> +47,
4 ?￿ | ? 4= +48,
Wkh ￿uvw wzr htxdwlrqv/ +45, dqg +46,/ jxdudqwhh vwdwlrqdulw| iru wkh yrodwlolw| surfhvv jlyhq e| htxdwlrq
+;,1 Wkh iroorzlqj W ￿5 frqvwudlqwv duh qhfhvvdu| wr jxdudqwhh wkdw wkh ghqvlw| lv zhoo gh￿qhg +wkh ￿uvw
wzr ydoxhv ￿￿ dqg ￿2 duh qrw qhhghg,1 Odvw/ htxdwlrq +48, lqyroyhv 5+W ￿ 5, lqhtxdolw| frqvwudlqwv wkdw
jxdudqwhh wkdw vnhzqhvv zloo eh zhoo gh￿qhg1
:Wkh hvwlpdwlrq ri prgho +9, wr +<, dqg +43, wr +44, xqghu wkh frqvwudlqwv +45, wr +48, uhsuhvhqwv d
iruplgdeoh wdvn1 Ixuwkhupruh/ jlyhq wkdw wkh olnholkrrg lv gh￿qhg xqohvv wkh frqvwudlqwv duh elqglqj/ lw
lv qhfhvvdu| wr xvh dq rswlpl}dwlrq dojrulwkp/ zkhuh wkh frqvwudlqwv duh dozd|v vdwlv￿hg1 Wklv lpsolhv
xvlqj dq lqwhulru rswlpl}dwlrq dojrulwkp1 Ixuwkhupruh/ wkh vdpsoh lv ri d udwkhu odujh vl}h1 Iru wklv
uhdvrq/ vshhg ehfrphv d yhu| lpsruwdqw idfwru1 Jlyhq wkh vwuxfwxuh ri rxu sureohp/ zh xvh d surjudp
ghyhorshg iru vsduvh pdwulfhv= VQRSW/ ghyhorshg e| Jloo/ Pxuud|/ dqg Vdxqghuv +4<<:/ 4<<<,1
Iru d jlyhq vhw ri lqlwldo ydoxhv/ wklv surjudp ￿uvw yhul￿hv wkdw doo lqlwldo ydoxhv vdwlvi| wkh uhvwulfwlrqv1
Lq fdvh ri qrq vdwlvidfwlrq/ lw vhdufkhv lqlwldo ydoxhv vdwlvi|lqj wkh uhvwulfwlrqv dqg wkdw duh forvhvw wr
wkh sursrvhg lqlwldo ydoxhv zlwk uhvshfw wr wkh Hxfolghdq qrup1 Qh{w/ lw xvhv d vhtxhqwldo txdgudwlf
surjudpplqj dojrulwkp zkhuhe| lw lv jxdudqwhhg wkdw wkh olqhdu frqvwudlqwv duh dozd|v vdwlv￿hg1
Dv phqwlrqhg/ rswlpl}dwlrq xqghu whqv ri wkrxvdqg ri uhvwulfwlrqv lv d iruplgdeoh wdvn1 Iru wklv
uhdvrq/ lw lv whpswlqj wr lpsrvh duwl￿fldo frqvwudlqwv iruflqj sdudphwhuv lqwr wkh dxwkrul}hg grpdlq yld
d qrq0olqhdu ixqfwlrq1 Wklv qrq0olqhdu ixqfwlrq pd|/ krzhyhu/ lqwurgxfh glvwruwlrqv lq wkh sureohp1 Wr
lqyhvwljdwh wklv lvvxh/ zh frqvlghu orjlvwlf wudqvirupv pdsslqj xqfrqvwudlqhg g|qdplfv lqwr frqvwudlqhg
rqhv1 Wklv |lhogv=
￿ ￿| @ d￿ . e￿￿u|3￿ . e￿2u|32> +49,
￿ ￿| @ d2 . e2￿u|3￿ . e22u|32> +4:,
￿| @ jd2cn"o+￿ ￿|,/ ￿| @ jd3￿c￿o+￿ ￿|,>




Lq wklv vwxg|/ zh lqyhvwljdwh wkh wlph vhulhv ehkdylru ri vl{ iruhljq h{fkdqjh0udwh vhulhv/ ri ￿yh vwrfn
lqglfhv/ ri irxu 60prqwk Hxur0udwh fkdqjhv/ dqg ri ￿yh orqj0whup lqwhuhvw0udwh fkdqjhv1 Zh xvh wkh
iroorzlqj v|perov= VIU0GP iru wkh Vzlvv Iudqf0Ghxwvfkh Pdun dqg FDQ0XV iru wkh Fdqdgldq groodu
wr XV groodu1 Wkhq zh xvh GP0XV/ \HQ0XV/ XN0XV/ II0XV iru wkh dprxqw ri Ghxwvfkh Pdun/ \hq/
Eulwlvk Srxqg/ dqg Iuhqfk Iudqfv qhfhvvdu| wr sxufkdvh rqh XV groodu1 V)S/ QLN/ GD[/ FDF/ dqg
IWVH fruuhvsrqg wr wkh V)S 833/ wkh Qlnnhl/ wkh Ghxwvfkh Dnwlhq Lqgh{/ wkh FDF73/ dqg wkh IWVH
433 vwrfn0pdunhw lqglfhv1 Doo wkrvh lqglfhv kdyh dovr ehhq xvhg lq rwkhu vwxglhv/ l1h1/ Mrulrq +4<<8,/
Dlw0Vdkdold +4<<<,/ Jud| +4<<9,1 Gdwd iru wkh zhhn ri wkh Rfwrehu 4<;: fudvk kdyh ehhq vxssuhvvhg
iurp wkh gdwd vhw1 Wkh h{fkdqjh udwhv kdyh ehhq surylghg e| d odujh edqn1 Wkh| fryhu wkh shulrg iurp
Mxo| 59/ 4<<4 wr Vhswhpehu 6/ 4<<</ uhsuhvhqwlqj 4<9< revhuydwlrqv1 Wkh vwrfn0pdunhw lqglfhv kdyh ehhq
8Iru wkh fdvh n"c zh vhw K wr d odujh srvlwlyh ydoxh vxfk dv 631
;rewdlqhg iurp Gdwdvwuhdp1 Wkh| fryhu wkh shulrg iurp Dxjxvw 56/ 4<:4 wr Vhswhpehu 6/ 4<<< iru d
wrwdo ri :48< revhuydwlrqv1 Iru lqwhuhvw0udwh gdwd zh xvh wkh v|perov XV6P/ XN6P/ IU6P/ dqg JH6P
iru wkh 60prqwk Hxur0udwh fkdqjhv iru wkh XV/ wkh XN/ Iudqfh/ dqg Jhupdq|1 Vlploduo|/ zh xvh XVOW/
XNOW/ IUOW/ dqg JHOW iru erqgv zlwk whq |hduv wr pdwxulw| iru wkh XV/ XN/ Iudqfh/ dqg Jhupdq|1
Rxu vkruw0whup lqwhuhvw0udwh gdwd uxqv iurp Mdqxdu| 6/ 4<:8 wr Vhswhpehu 6/ 4<<</ iru d wrwdo ri 9868
revhuydwlrqv1 Rxu orqj0whup lqwhuhvw udwhv fryhu wkh shulrg iurp Pd| 53/ 4<;9 wr Vhswhpehu 6/ 4<<<19
61415 Ghvfulswlyh Vwdwlvwlfv
H{fkdqjh udwhv dqg vwrfn0pdunhw lqglfhv
Wdeoh 4 glvsod|v vhyhudo vdpsoh vwdwlvwlfv/ ￿uvw iru h{fkdqjh udwhv dqg wkhq iru vwrfn0pdunhw lqglfhv1
Zh qrwlfh wkdw wkh vwdqgdug ghyldwlrq ri h{fkdqjh udwhv whqgv wr eh vpdoohu wkdq iru lqglfhv1 H{fkdqjh
udwhv glvsod| d zlgh udqjh ri srvvleoh vnhzqhvv1 Wklv udqjhv iurp 0416;;< iru wkh \HQ0XV wr 316;9;
iru wkh XN0XV1 Wklv wudqvodwhv wkh idfw wkdw/ ryhu wkh vdpsoh frqvlghuhg/ rq fhuwdlq rffdvlrqv/ wkh \hq
dssuhfldwhg vkduso| zkhuhdv wkh srxqg ghsuhfldwhg1 Vnhzqhvv lv vljql￿fdqw iru doo vhulhv h{fhsw iru wkh
GP0XV dqg wkh II0XV1 Jlyhq wkh h￿ruw wr doljq erwk fxuuhqflhv/ zh fdq h{shfw wkh wzr vhulhv wr kdyh
d vlplodu ehkdylru1 Iru wkh vwrfn lqglfhv/ zh ￿qg d qhjdwlyh vnhzqhvv iru wkh V)S/ GD[/ dqg FDF/
lqglfdwlqj wkh suhvhqfh ri vkdus gursv lq vwrfn sulfhv1 Krzhyhu/ zkhq vwdqgdug huuruv duh frpsxwhg
xvlqj wkh Jhqhudol}hg Phwkrg ri Prphqwv/ dv vxjjhvwhg e| Ulfkdugvrq dqg Vplwk +4<<6,/ zh ￿qg wkdw
qr vnhzqhvv lv vljql￿fdqw dw wkh 8 shufhqw ohyho1 Wxuqlqj wr h{fhvv nxuwrvlv/ zh ￿qg wkdw doo frxqwulhv
kdyh d vwurqjo| vljql￿fdqw vwdwlvwlf1 Wklv wudqvodwhv wkh idfw wkdw wkh wdlov ri h{fkdqjh udwhv dqg ri vwrfn
uhwxuqv duh idwwhu wkdq wdlov ri wkh qrupdo glvwulexwlrq1 Frqvlghulqj wkh Mdutxh0Ehud vwdwlvwlf/ zklfk lv
glvwulexwhg dv d "2 zlwk wzr ghjuhhv ri iuhhgrp/ zh uhmhfw qrupdolw| iru doo vhulhv1
Wkh Hqjoh whvw vwdwlvwlfv zlwk odjv 4 dqg 8/ rewdlqhg e| uhjuhvvlqj vtxduhg uhwxuqv rq rqh odjjhg/
uhvshfwlyho| ￿yh odjjhg/ vtxduhg uhwxuqv lv glvwulexwhg dv d "2 zlwk wkh ghjuhh ri iuhhgrp htxdo wr wkh
qxpehu ri odjv1 Wkh vwurqj vljql￿fdqfh ri wkh vwdwlvwlfv uhyhdov wkh suhvhqfh ri khwhurvnhgdvwlflw| lq wkh
gdwd1
Wkh Er{0Omxqj vwdwlvwlf/ fruuhfwhg iru khwhurvnhgdvwlflw|/ whvwv iru wkh h{lvwhqfh ri vhuldo fruuhodwlrq
dprqj wkh ￿uvw 8 ru 43 revhuydwlrqv1 Hyhq wkrxjk zh duh deoh wr ghwhfw vhuldo fruuhodwlrq/ wkh frh!flhqw
ri fruuhodwlrq lv dozd|v vpdoo1:
Wkuhh0prqwk dqg whq0|hdu lqwhuhvw0udwh fkdqjhv
9Zh glg qrw gr dq| gdwd0vqrrslqj lq wklv vwxg|1 Wkdw lv zh glg qrw wu| wr vhohfw d sduwlfxodu vdpsoh ohqjwk wr rewdlq
qlfhu hpslulfdo uhvxowv1 Dovr/ zh glg qrw gurs dq| gdwd0vhulhv iru zklfk rxu prgho pd| qrw kdyh zrunhg1 Wkh lqfoxvlrq
ri olwwoh lqyhvwljdwhg gdwdvhwv vxfk dv wkh Vzlvv Iudqf0Ghxwvfkh Pdun ru wkh Fdq0XV h{fkdqjh udwh zdv prwlydwhg e| wkh
txhvwlrq zkhwkhu ohvv oltxlg pdunhwv duh vxemhfw wr gl￿huhqw g|qdplfv1
:Zh ￿owhuhg wkh gdwd zlwk dq DU+8, dxwr0uhjuhvvlrq dqg hvwlpdwhg ydulrxv vshfl￿fdwlrqv zlwk dqg zlwkrxw wkh ￿owhulqj1
Vlqfh wkh hvwlpdwlrqv/ lqyroylqj ￿owhuhg ru qrq0￿owhuhg gdwd/ |lhoghg vlplodu uhvxowv/ zh ghflghg wr uhsruw wkh uhvxowv rewdlqhg
iru qrq0￿owhuhg gdwd1
<Wdeoh 5 glvsod|v ghvfulswlyh vwdwlvwlfv iru vkruw0whup dqg orqj0whup lqwhuhvw0udwh fkdqjhv1 Zh ￿qg
wkdw wkh vwdqgdug ghyldwlrq ri vkruw udwhv lv odujhu wkdq iru orqj udwhv1 Vnhzqhvv lv vljql￿fdqw dw wkh 8
shufhqw ohyho iru doo frxqwulhv h{fhsw iru wkh Jhupdq 60prqwk udwh1 Hfrqrplf wkhru| surylghv ihz klqwv
zkdw wkh vljq ri vnhzqhvv vkrxog eh iru lqwhuhvw0udwh gdwd/ dqg lqghhg/ wkh vljq sdwwhuq ri vnhzqhvv lv
qrw fohdu0fxw1 Wkh srvlwlyh vnhzqhvv iru wkh XN vkruw udwh dqg wkh Jhupdq orqj udwh vxjjhvwv wkdw
wkhvh frxqwulhv kdg rq dyhudjh pruh vkdus xszdug pryhphqwv wkdq grzqzdug pryhphqwv1 Dw xvxdo
vljql￿fdqfh ohyhov/ qr vnhzqhvv lv vwdwlvwlfdoo| vljql￿fdqw1
H{fhvv nxuwrvlv lv dozd|v vwurqjo| vljql￿fdqw1 Wklv vxjjhvwv wkdw wkh glvwulexwlrq ri lqwhuhvw0udwh
fkdqjhv kdv d wklfnhu wdlo wkdq wkh qrupdo glvwulexwlrq1 Zh qrwlfh dw wkh vkruw hqg d pdjqlwxgh ri
nxuwrvlv dw ohdvw wkuhh wlphv odujhu wkdq dw wkh orqj hqg1 Lq sduwlfxodu/ iru wkh Iuhqfk vkruw udwh/ zh ￿qg
dq h{fhvv nxuwrvlv ri 664186 dqg dq dvvrfldwhg vwdqgdugl}hg h{fhvv nxuwrvlv ri 87:31981 Wkh pdjqlwxgh
ri wklv vwdwlvwlfv txhvwlrqv wkh h{lvwhqfh ri d irxuwk prphqw iru wklv vhulhv1 Wkh Mdutxh0Ehud vwdwlvwlfv
wdnhv yhu| odujh ydoxhv/ vxjjhvwlqj wkdw wkh gdwd lv qrq0qrupdoo| glvwulexwhg1
Wxuqlqj wr wkh Hqjoh whvw iru khwhurvnhgdvwlflw|/ zh qrwlfh djdlq odujh frh!flhqwv/ lqglfdwlqj wkdw
wkh gdwd lv kljko| khwhurvnhgdvwlf1 Wkh Er{0Omxqj vwdwlvwlfv iru vhuldo fruuhodwlrq uhyhdov wkdw vhuldo
fruuhodwlrq pd| h{lvw iru XV dqg XN gdwd dw wkh vkruw hqg1 Dw wkh orqj hqg/ rqo| XV udwhv glvsod| d
fhuwdlq ohyho ri vhuldo fruuhodwlrq1
Wkhvh ghvfulswlyh vwdwlvwlfv vxjjhvw wkdw prphqwv eh|rqg yduldqfh pd| kdyh dq lpsruwdqw uroh wr
sod|1 Rxu prgho zloo khos lq xqghuvwdqglqj wkh g|qdplfv ri vnhzqhvv dqg nxuwrvlv1
7 Hvwlpdwlrq ri wkh jhqhudo prgho
714 111xvlqj gdlo| iruhljq h{fkdqjh0udwh dqg vwrfn0lqgh{ gdwd111
Wdeoh 6 uhsruwv sdudphwhu hvwlpdwhv ri wkh jhqhudo prgho dw gdlo| iuhtxhqf|1 Wkh ￿uvw urz ri wkh
wdeoh/ odehohg lqir/ glvsod|v frqvlvwhqwo| d 31 Wklv lqglfdwhv wkdw wkh vhtxhqwldo txdgudwlf surjudpplqj
dojrulwkp frqyhujhg dqg irxqg d vroxwlrq1 ; Zh shuiruphg doo hvwlpdwlrqv xvlqj wkh vdph vhw ri lqlwldo
ydoxhv iru wkh JDUFK htxdwlrq +;, +df @3 =38/ en
f @3 =38/ e3
f @3 =38/ ff @3 =;8,1 Wklv fkrlfh zdv
jxlghg e| rxu sulru nqrzohgjh ri hvwlpdwhv uhsruwhg lq wkh olwhudwxuh1 Ixuwkhupruh/ zh lpsrvhg d￿ @8 /
e￿￿ @ e￿2 @ d2 @ e2￿ @ e22 @3 1 Wklv yhfwru ri lqlwldo ydoxhv lv dq lqwhulru srlqw/ l1h1/ d yhfwru iru zklfk
doo frqvwudlqwv duh vdwlv￿hg1 Zkhq zh shuwxuehg wkhvh lqlwldo ydoxhv dqg vhohfwhg qrq0lqwhulru srlqwv/
wkh surjudp shuiruphg d skdvh0L uxq ri wkh vlpsoh{ dojrulwkp wr ￿qg dq lqwhulru srlqw/ forvhvw wr wkh
sursrvhg lqlwldo ydoxh/ zlwk uhvshfw wr wkh Hxfolghdq glvwdqfh1 Wkh vhfrqg urz ri wdeoh 6 glvsod|v wkh
wlph uhtxluhg ehiruh frqyhujhqfh zdv uhdfkhg1 Iru d suhflvlrq ri 433S/ zh rewdlqhg frqyhujhqfh xqghu 4;
;D vroxwlrq pd| eh orfdo udwkhu wkdq joredo> iru wklv uhdvrq/ zh dovr hvwlpdwhg wkh prgho zlwk gl￿huhqw lqlwldo ydoxhv1
Iru doo vhulhv/ zh irxqg frqyhujhqfh wr wkh vdph ydoxhv zlwk wkh h{fhswlrq ri wkh VIU0GP1 Iru wkdw vhulhv zh lqlwldol}hg wkh
prgho zlwk wkh sdudphwhuv rewdlqhg iurp wkh prgho zlwkrxw wkh vhfrqg odj/ l1h1/ K￿2 ’ K22 ’f 1 Iru zhhno| gdwd/ zkhuh rxu
vdpsohv duh pxfk vpdoohu/ wkh sureohp ri pxowlsolflw| ri d vroxwlrq dsshduv pruh surqrxqfhg wkdq iru gdlo| gdwd1
43vhfrqgv iru doo h{fkdqjh0udwh gdwd dqg xqghu 8: vhfrqgv iru wkh urxjko| wkuhh wlphv odujhu vwrfn0pdunhw
gdwdedvh1 Wklv vxjjhvwv wkdw rxu dojrulwkp fdq eh xvhg iru uhdo0wlph dssolfdwlrqv1
Zh qrz wxuq wr lqwhusuhwlqj wkh yrodwlolw| htxdwlrq +;,1 Vlqfh wkh yrodwlolw| htxdwlrq doorzv dv|pph0
wulhv/ zh ￿uvw whvw wkhlu uhodwlyh lpsruwdqfh1 Wkh vwdwlvwlfv OUW￿ fruuhvsrqgv wr wkh olnholkrrg0udwlr whvw
ri wkh qxoo k|srwkhvlv Kf = en
f @ e3
f 1 Frqvlghulqj h{fkdqjh udwhv/ zh qrwlfh wkdw/ h{fhsw iru wkh VIU0GP/
qr dv|pphwulf lpsdfw ri qhzv h{lvwv1 Iru wkh VIU0GP/ d udwkhu wklqo| wudghg fxuuhqf|/ zh ￿qg wkdw
d ghfuhdvh ri wkh h{fkdqjh udwh +dq dssuhfldwlrq ri wkh VIU zlwk uhvshfw wr wkh GP, lv iroorzhg e| dq
lqfuhdvh ri yrodwlolw|1< Iru doo vhulhv/ lqvshfwlrq ri wkh pdjqlwxgh ri en
f dqg e3
f lqglfdwhv wkdw d odujh
uhwxuq zloo ohdg wr d vxevhtxhqw lqfuhdvh lq yrodwlolw|1
Frqvlghulqj vwrfn0pdunhw gdwd/ zh ￿qg vwurqj gl￿huhqfhv ehwzhhq ￿edg￿ qhjdwlyh uhvlgxdov dqg
￿jrrg￿ srvlwlyh uhvlgxdov1 Qhjdwlyh uhwxuqv zloo kdyh d odujhu lpsdfw rq wkh yrodwlolw| ri ixwxuh uh0
wxuqv wkdq srvlwlyh uhwxuqv1 Wklv revhuydwlrq kdv ehhq zhoo grfxphqwhg/ h1j1/ Qhovrq +4<<3,/ Fdpsehoo
dqg Khqwvfkho +4<<5,/ Jorvwhq/ Mdjdqqdwkdq/ dqg Uxqnoh +4<<6,/ ]dnr￿dq +4<<7,/ Vhqwdqd +4<<8,/ dqg
pd| eh h{sodlqhg e| Eodfn*v +4<:9, ohyhudjh k|srwkhvlv1
Zh qrz wxuq wr wkh g|qdplfv ri wkrvh sdudphwhuv wkdw gulyh kljkhu prphqwv1 Wkdw lv/ zh frqvlghu
hvwlpdwhv ri wkh ghjuhh ri iuhhgrp sdudphwhu ￿| +htxdwlrq +43,, dqg ri wkh dv|pphwu| sdudphwhu ￿|
+htxdwlrq +44,,1 Wr gr vr/ zh ￿uvw wxuq wr wkh lvvxh ri krz orqj wlph lw wdnhv ehiruh d odujh hyhqw lv
lqfrusrudwhg lq wkh gdwd1 D klqw lv jlyhq e| wkh olnholkrrg0udwlr whvw vwdwlvwlf OUW2 ri wkh qxoo k|srwkhvlv
Kf = e￿2 @ e22 @3 / l1h1/ li wkh vhfrqg rughu odj iru erwk ￿| dqg ￿| pdwwhuv1 Iru h{fkdqjh udwhv/ zh
xqlirupo| ￿qg wkdw wkh vhfrqg odj lv qrw uhtxluhg1 Zh suhvhqw/ lq wdeoh 6/ wkh sdudphwhuv e￿2 dqg
e22 hyhq wkrxjk wkh| duh qrq vljql￿fdqw/ ehfdxvh/ d uhhvwlpdwlrq ri rxu prgho lpsrvlqj e￿2 @ e22 @3
vkrzhg wkdw wkh odj0rqh sdudphwhu hvwlpdwhv zhuh qrw vljql￿fdqwo| dowhuhg1 Iru vwrfn uhwxuqv/ wkh vpdoohvw
olnholkrrg udwlr vwdwlvwlfv lv ;163 iru wkh Qlnnhl/ zkhuhdv wkh fulwlfdo ydoxh iru d 8 shufhqw ohyho lv 81<<1
Wklv phdqv wkdw d vshfl￿fdwlrq zlwk wzr odjv lv uhtxluhg iru vwrfn uhwxuqv1
Lqvshfwlrq ri sdudphwhu e￿￿ lqglfdwhv/ iru h{fkdqjh udwhv/ wkdw dq h{fhvvlyho| odujh srvlwlyh uhwxuq
+ghsuhfldwlrq ri d fxuuhqf| zlwk uhvshfw wr lwv uhihuhqfh fxuuhqf|, zloo lqfuhdvh wkh wdlov ri wkh glvwulexwlrq
rq wkh vxevhtxhqw gd|1 Zh dovr ￿qg wkdw doo hvwlpdwhv ri wkh sdudphwhu e￿2 duh qhjdwlyh1 Wklv vxjjhvwv
wkdw d fruuhfwlrq rffxuv gxulqj wkh vhfrqg gd|1 Khqfh/ lq wkh vkruw uxq +vd| rqh gd|,/ h{wuhphv zloo eh
iroorzhg e| h{wuhphv/ wkhq pdunhwv fdop grzq diwhu wkh vhfrqg gd|1
Wxuqlqj wr vwrfn uhwxuqv/ zh ￿qg wkdw doo sdudphwhuv e￿￿ dqg e￿2 duh qhjdwlyh +h{fhsw e￿￿ iru wkh FDF
uhwxuq, dqg wkdw erwk e￿￿ dqg e￿2 duh vljql￿fdqw iru wkuhh rxw ri ￿yh vhulhv1 Djdlq/ dq lqwhusuhwdwlrq
pd| eh jlyhq1 Frqvlghu dq h{wuhph hyhqw frqvlvwlqj ri d fudvk1 Rffxuuhqfh ri wklv fudvk/ frpelqhg zlwk
wkh qhjdwlyh frh!flhqwv e￿￿ dqg e￿2 vxjjhvwv wkdw rq wzr frqvhfxwlyh gd|v ￿| zloo eh deqrupdoo| kljk1
Wklv lpsolhv wkh suhvhqfh ri frqglwlrqdo idw0wdlohgqhvv1 Wklv ￿qglqj dovr lqglfdwhv wkdw wkh ￿uhprydo￿
ri yrodwlolw| wkurxjk d JDUFK prgho ohdyhv frqglwlrqdo lqirupdwlrq/ ri dq kljkhu rughu/ wkdw pd| eh
<Dq h{sodqdwlrq ri wklv ￿qglqj zlwkrxw ixuwkhu frqvlghulqj furvv0frxqwu| lqwhuhvw0udwh gl￿huhqwldov zrxog eh kd}dugrxv
dqg zloo qrw eh dwwhpswhg khuh1
44lpsruwdqw wr prgho vlwxdwlrqv zkhuh wkh wdlo ehkdylru ri glvwulexwlrqv lv fuxfldo1
Vwrfn pdunhw gdwd lv vnhzhg/ dqg fdvxdo hylghqfh vxjjhvwv wkdw h{wuhph hyhqwv zloo frqvlvw ri fudvkhv1
Ohw xv wkhuhiruh frqvlghu wkh rffxuuhqfh dw wlph w￿4 ri d odujh qhjdwlyh uhwxuq1 Jlyhq wkh irup ri htxdwlrq
+43,/ d qhjdwlyh frh!flhqw e￿￿ lpsolhv wkdw wkh gd| diwhu/ dw wlph w/ wkh pdunhw zloo eh dvvrfldwhg zlwk d
odujh hyhqw1 Vlqfh ￿| lv d phdvxuh ri wkh wdlo ri wkh glvwulexwlrq/ lw lv qrw srvvleoh dw wklv vwdjh wr pdnh d
vwdwhphqw zkhwkhu wkh odujh hyhqw zloo eh srvlwlyh ru qhjdwlyh1 Wkh vhfrqg odj/ e￿2/ lqglfdwhv wkdw hyhq
wzr gd|v diwhu d odujh qhjdwlyh hyhqw/ wkhuh zloo eh d kljkhu suredelolw| ri d wdlo hyhqw1
Qrz/ zh wxuq wr wkh lqwhusuhwdwlrq ri wkh g|qdplfv ri ￿|1 Iluvw/ zh revhuyh wkdw wkh vljq ri d2 whqgv wr
eh ri wkh vljq ri vnhzqhvv/ dv uhsruwhg lq wdeoh 41 Wklv frq￿upv wkdw ￿| fdswxuhv gluhfwlrqdo pryhphqwv
gulyhq e| odujh hyhqwv1 Qh{w/ zh revhuyh wkdw iru h{fkdqjh udwhv dv zhoo dv iru vwrfn uhwxuqv/ sdudphwhuv
e2￿ dqg e22 duh srvlwlyh1 H{fhswlrqv duh e22 iru wkh \HQ0XV zlwk d qrq0vljql￿fdqw hvwlpdwh ri 0313494
dqg e2￿ iru wkh FDF zlwk dq hvwlpdwh ri 03135691
Wklv srvlwlyh vljq iru wkh wzr odjjhg sdudphwhuv lqglfdwhv wkdw wkhuh lv d whqghqf| iru h{wuhphv ri d
jlyhq vljq wr eh iroorzhg e| odujh hyhqwv ri wkh vdph vljq iru vhyhudo gd|v1 Iru h{fkdqjh udwhv/ iru zklfk
rqo| odj0rqh sdudphwhuv duh vljql￿fdqw/ wklv lpsolhv wkdw diwhu d ghsuhfldwlrq ri wkh fxuuhqf|/ wkh gd|
diwhu wkhuh lv dq lqfuhdvhg suredelolw| ri d ixuwkhu ghsuhfldwlrq1 Iru vwrfn uhwxuqv/ zh ￿qg wkdw iru irxu
rxw ri ￿yh vhulhv/ lq fdvh ri d odujh gurs ri wkh pdunhw/ vnhzqhvv zloo frqwlqxh wr eh qhjdwlyh/ dqg khqfh
wkh suredelolw| ri d odujh qhjdwlyh hyhqw lv lqfuhdvhg1
Wkhvh uhvxowv glvsod| lqwxlwlyh dqg uhdvrqdeoh sdwwhuqv iru frqglwlrqdo idw0wdlohgqhvv ri uhwxuqv dqg
ri vnhzqhvv1 Qrz/ zh wxuq wr wkh lqwhusuhwdwlrq ri lqwhuhvw0udwh fkdqjhv1
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Dv zh zloo vkrz lq lqwhusuhwlqj wdeoh 7/ wkh g|qdplf ri lqwhuhvw0udwh fkdqjhv gl￿huv lq lpsruwdqw zd|v
iurp wkh g|qdplf ehkdylru ri iruhljq h{fkdqjh dqg vwrfn uhwxuqv1 Lq sduwlfxodu/ zh zloo vkrz wkdw kljkhu
prphqwv iru vkruw udwhv gr qrw h{lvw/ dqg zkhq wkh| gr wkh| fdqqrw eh suhglfwhg1 Iluvw/ zh frqvlghu wkh
yrodwlolw| htxdwlrq ri wkh vkruw udwh1 Lqvshfwlrq ri OUW￿/ zklfk lv wkh whvw vwdwlvwlfv ri wkh k|srwkhvlv
en
f @ e3
f / uhyhdov wkdw wkhuh lv dq dv|pphwulf lpsdfw ri srvlwlyh dqg qhjdwlyh lqwhuhvw0udwh fkdqjhv rq
vxevhtxhqw yrodwlolw|1 Lqvshfwlrq ri wkh uhodwlyh vl}h ri wkh sdudphwhuv en
f dqg e3
f lqglfdwhv wkdw d srvlwlyh
vkrfn rq lqwhuhvw udwhv lqgxfhv d vwurqjhu lqfuhdvh lq yrodwlolw| wkdq d qhjdwlyh vkrfn1 Wklv ￿qglqj lv
lq dffrugdqfh zlwk wkh fdvxdo revhuydwlrq wkdw lqfuhdvhv lq lqwhuhvw udwh uhsuhvhqw ￿edg qhzv￿ iru wkh
hfrqrp| jlyhq wkhlu qhjdwlyh lpsdfw rq lqyhvwphqw dqg jlyhq wkdw wkh| duh wuljjhuhg e| rwkhu ￿edg qhzv￿
riwhq uhodwhg wr lqfuhdvhv lq lq dwlrq1 Zh dovr ￿qg wkdw wkhuh lv shuvlvwhqfh lq yrodwlolw| dv whvwl￿hg e|
wkh odujh hvwlpdwhv ri ff1
Zh wxuq qrz wr wkh g|qdplfv ri ￿| dqg ￿|1 Iluvw/ wkh olnholkrrg0udwlr whvw vwdwlvwlf OUW2 ri wkh qxoo
k|srwkhvlv e￿￿ @ e￿2 @ e2￿ @ e22 @3lqglfdwhv wkdw/ zlwk wkh h{fhswlrq ri wkh Jhupdq orqj udwhv/ wkhuh lv
olwwoh hylghqfh iru d g|qdplf lqyroylqj wzr odjv1 Lqvshfwlrq ri wkh khwhurvnhgdvwlflw|0frqvlvwhqw vwdqgdug
huuruv/ dvvrfldwhg zlwk e￿2 dqg e22> vkhgv ixuwkhu lqvljkwv rq wkh odj0wzr g|qdplf1 Iru wkh 60prqwk
45lqwhuhvw0udwh fkdqjhv/ qrqh ri wkh frh!flhqwv/ zlwk wkh h{fhswlrq ri e￿2 iru IU6P dqg e22 iru JH6P/
duh vljql￿fdqw1 Rq wkh rwkhu kdqg/ zh qrwlfh iru wkh orqj udwh/ hyhq wkrxjk e￿2 @3fdqqrw eh uhmhfwhg
h{fhswhg iru Jhupdq|/ wkdw wkh k|srwkhvlv e22 @3pd| eh vrxqgo| uhmhfwhg iru doo orqj udwhv h{fhsw
iru wkh XV zkhuh e22 @3 =3374 zlwk d vwdqgdug huuru ri 31335;1 Wklv ￿qglqj vxjjhvwv wkdw d fhuwdlq
shuvlvwhqfh h{lvwv lq kljkhu prphqwv/ gulyhq e| e221
Jlyhq wkdw qrqh ri wkh frh!flhqwv lqyroyhg lq wkh g|qdplfv ri ￿| dqg ￿| iru wkh vkruw udwh duh
vljql￿fdqw/ zh irfxv qrz rq wkh lqwhusuhwdwlrq ri wkh g|qdplfv iru wkh orqj udwhv1 Zh qrwlfh wkdw
frh!flhqwv e￿￿/ e￿2/ e2￿/d q ge22 whqg lq jhqhudo wr eh srvlwlyh1 Wklv phdqv wkdw diwhu d ￿edg hyhqw￿
rffxuuhg iru lqwhuhvw udwhv/ l1h1/ dq lqfuhdvh/ vxevhtxhqwo| wkh glvwulexwlrq ri uhwxuqv zloo eh idw wdlohg1
Ixuwkhupruh/ lw lv srvvleoh wr vwdwh wkdw diwhu d srvlwlyh vkrfn/ vnhzqhvv zloo eh srvlwlyh1 Wklv vkrzv wkdw
diwhu dq hyhqw ri d jlyhq vljq rffxuuhg/ wkh pdunhw zloo whqg wr eh iroorzhg e| d vlplodu hyhqw1
Zh pd| frqfoxgh wklv vhfwlrq e| vwdwlqj wkdw yhu| olwwoh fdq eh vdlg derxw wkh g|qdplfv ri kljkhu
prphqwv ri vkruw0whup lqwhuhvw0udwh fkdqjhv1 Wkhuh grhv qrw vhhp wr h{lvw d sduwlfxodu uhodwlrq1 Rq
wkh frqwudu|/ orqj0whup lqwhuhvw0udwh fkdqjhv iroorz g|qdplfv vlplodu wr h{fkdqjh udwhv ru vwrfn lqglfhv1
Diwhu d edg qhzv/ l1h1/ d odujh lqfuhdvh ri wkh udwh/ wkh suredelolw| ri d ixuwkhu odujh dxjphqwv1 Wklv
ihdwxuh lv phdvxuhg wkurxjk wkh idw0wdlohgqhvv ri uhwxuqv dv zhoo dv wkurxjk wkh lqfuhdvhg vnhzqhvv1
Vr idu zh lqwhusuhwhg rqo| eulh | wkh ehkdylru ri wkh sdudphwhuv ￿| dqg ￿|1 Wkh uhdvrq iru grlqj
vr lv wkdw wkhlu dfwxdo/ vlpxowdqhrxv lpsdfw rq wkh jhqhudol}hg0w glvwulexwlrq lv vrphwlphv gl!fxow wr
lqwhusuhw1 Iru lqvwdqfh/ dq lqfuhdvh ri ￿| zloo ohdg wr kljkhu vnhzqhvv/ |hw d frqwhpsrudqhrxv ghfuhdvh
ri nxuwrvlv yld ￿| pd| r￿vhw wkh srvvleoh lqfuhdvh lq idw0wdlohgqhvv1 Wkh olqn ri ￿| dqg ￿| zlwk vnhzqhvv
dqg nxuwrvlv lv kljko| qrq0olqhdu1 Lq d odwhu vhfwlrq zh zloo uhwxuq wr wkh gluhfw dqdo|vlv ri vnhzqhvv dqg
nxuwrvlv1
Dv djjuhjdwlrq ri wkh gdwd rffxuv/ wkh g|qdplf dw d gl￿huhqw iuhtxhqf| lv nqrzq wr eh udwkhu gl￿huhqw/
l1h1 Gurvw dqg Qlmpdq +4<<6,1 Iru wklv uhdvrq zh frqvlghu qrz wkh hvwlpdwhv rewdlqhg dw d zhhno|
iuhtxhqf|1
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Wkh lqwhusuhwdwlrq ri zhhno| uhvxowv iroorzv d vlplodu orjlf dv wkh lqwhusuhwdwlrq ri gdlo| gdwd1 Wkh vhw ri
vhulhv iru zklfk suhglfwdelolw| ri kljkhu prphqwv h{lvwv lv vwurqjo| uhgxfhg1 Iru wklv uhdvrq/ zh glvfxvv
wkh uhvxowv iru doo vhulhv vlpxowdqhrxvo|1 Lq wdeohv 8 dqg 9/ zh glvsod| wkh uhvxowv iru rxu hvwlpdwlrqv dw d
zhhno| iuhtxhqf|1 Frqfhuqlqj wkh yrodwlolw| g|qdplfv/ zh qrwlfh iru h{fkdqjh udwhv wkdw ghfuhdvhv ri dq
h{fkdqjh udwh zlwk uhvshfw wr wkh groodu duh olnho| wr wuljjhu lqfuhdvhg yrodwlolw|1 Rxu uhihuhqfh fxuuhqf|
lv wkh XV groodu/ khqfh lw lv qrw vxusulvlqj wkdw doo h{fkdqjh0udwh uhwxuqv zloo glvsod| vlplodu sdwwhuqv1
Iru wkh vwrfn0pdunhw lqglfhv/ zh ￿qg yrodwlolw| lpsdfw sdwwhuqv wkdw duh frpsdwleoh zlwk Eodfn*v
+4<:9, ohyhudjh k|srwkhvlv= Edg qhzv/ l1h1/ fudvkhv/ zloo wuljjhu odujhu yrodwlolw| wkdq jrrg qhzv1
Wxuqlqj wr lqwhuhvw udwhv/ erwk dw wkh vkruw dqg wkh orqj hqg/ zh ￿qg wkdw lqwhuhvw0udwh lqfuhdvhv whqg
wr wuljjhu odujhu vxevhtxhqw yrodwlolw| wkdq lqwhuhvw0udwh gursv1
46Wxuqlqj qrz wr wkh g|qdplfv ri ￿| dqg ￿|/ zh ￿uvw revhuyh wkdw wkh olnholkrrg0udwlr whvw vwdwlvwlf
OUW￿ whvwlqj iru dq| g|qdplfv dw doo lv qrw vljql￿fdqw/ h{fhsw iru d ihz vhulhv1 Ixuwkhupruh/ udwkhu ihz
frh!flhqwv uhdfk vwdwlvwlfdo vljql￿fdqfh/ dqg zkhq wkh| gr/ wkh vljqv duh dpeljxrxv1 Wkrvh revhuydwlrqv
vxjjhvw wkdw wkhuh lv olwwoh hylghqfh ri shuvlvwhqfh ri vnhzqhvv dqg nxuwrvlv dw d zhhno| iuhtxhqf|1 Iru
wkhvh uhdvrqv/ rxu ixuwkhu lqyhvwljdwlrqv zloo rqo| irfxv rq gdlo| gdwd1
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Zh qrz dgguhvv wkh txhvwlrq zkhwkhu wkh doorzdqfh ri d g|qdplf ri kljkhu prphqwv ghvwur|v dv|pphwulhv
lq wkh yrodwlolw| htxdwlrq ri vwrfn0pdunhw gdwd1 Wr gr vr/ zh frpsduhg wkh hvwlpdwhv uhsruwhg lq wdeoh 6
zlwk wkrvh rewdlqhg lq d vwdqgdug JDUFK+4/4, prgho/ l1h1/ zkhuh e￿￿ @ e￿2 @ e2￿ @ e22 @3 = Hyhq wkrxjk
zh gr qrw uhsruw wkh ydoxhv rewdlqhg lq wklv hvwlpdwlrq/ rxu ￿qglqj lv wkdw wkh h{solflw prgholqj ri wkh
dv|pphwu| dqg idw0wdlohgqhvv ri uhvlgxdov grhv qrw vljql￿fdqwo| dowhu wkh ydoxh wdnhq e| wkh hvwlpdwhv
wkdw dsshdu lq wkh yrodwlolw| htxdwlrq1 Iru lqvwdqfh/ iru wkh VIU0GP/ wkh odujhvw ghyldwlrq ri d sdudphwhu
lv e| dq dprxqw ri 3134 iru ff= Iru wkh GP0XV/ hvwlpdwhv ri df/ en
f / e3
f > dqg ff> zhuh 31346;/ 3137:4/
313:;9/ dqg 31<3<< uhvshfwlyho|/ lqglfdwlqj wkdw wkh gl￿huhqfh zlwk wkh hvwlpdwhv uhsruwhg lq wdeoh 6 lv
wuxo| d vpdoo rqh1 Iru doo rwkhu vhulhv/ wkh ghyldwlrqv ri wkh sdudphwhuv zlwk uhvshfw wr wkh JDUFK+4/4,
hvwlpdwhv duh ri d vlplodu pdjqlwxgh1
Wkh hvwlpdwlrq ri d prgho lqyroylqj vhyhudo wkrxvdqg lqhtxdolw| frqvwudlqwv lv d xqxvxdo wdvn lq
￿qdqfh1 Riwhq/ wkh fkrlfh ri d orjlvwlf wudqvirup lv pdgh/ vxfk dv lq htxdwlrqv +49, dqg +4:,1 Wr phdvxuh
wkh lpsruwdqfh ri wklv w|sh ri qrq0olqhdu pds/ zh dovr hvwlpdwhg wkh prgho diwhu lpsrvlqj wkh orjlvwlf
wudqvirup1 Djdlq/ zh zloo qrw uhsruw wkh hvwlpdwhv1 Fohduo|/ ehfdxvh ri wkh wudqvirupdwlrq/ sdudphwhu
hvwlpdwhv zloo qr orqjhu eh wkh vdph1 Pruh lpsruwdqwo|/ zh irxqg wkdw pdq| wlphv d sdudphwhu wkdw
wxuqhg rxw wr eh vljql￿fdqw zlwk rqh prgho/ zdv qr orqjhu vljql￿fdqw zlwk wkh rwkhu prgho1 Dovr/ wkh
g|qdplfv rewdlqhg iru wkh uhvxowlqj vhulhv ri frqvwudlqhg/ wlph0ydu|lqj sdudphwhuv/ ￿| dqg ￿| wxuqhg rxw
wr eh gl￿huhqw1 Iru wklv uhdvrq/ zh ghflghg wr uhsruw wkh uhvxowv rewdlqhg zlwkrxw wkh orjlvwlf wudqvirup1
8 Dqdo|vlv ri wkh g|qdplfv ri vnhzqhvv dqg nxuwrvlv
Vhyhudo lvvxhv duh rxwvwdqglqj1 Lq wkh suhylrxv vhfwlrq/ zh hvwlpdwhg wkh g|qdplfv ri sdudphwhuv ￿| dqg
￿|1 Hyhq wkrxjk wkhvh sdudphwhuv duh uhodwhg wr vnhzqhvv dqg nxuwrvlv/ wkh uhodwlrq lv d kljko| qrq0olqhdu
rqh1 Iru wklv uhdvrq/ lq rughu wr surfhhg rqh vwhs ixuwkhu/ zh qrz frqvlghu wkh hyroxwlrq ri vnhzqhvv dqg
nxuwrvlv wkurxjk wlph/ rewdlqhg iurp htxdwlrqv +5, dqg +6,1 Qh{w/ zh dqdo|}h furvv0vhfwlrqdo pryhphqwv
ehwzhhq ydulrxv pdunhwv lq whupv ri vnhzqhvv dv zhoo dv nxuwrvlv1 Rxu prgho/ wkhuhiruh/ h{whqgv lq d
fhuwdlq vhqvh wkh rqh e| Nurqhu dqg Qj +4<<;,1
47814 H{lvwhqfh ri prphqwv
Lqvshfwlrq ri irupxodv +5, dqg +6, vxjjhvwv wkdw wklug dqg irxuwk prphqwv zloo rqo| h{lvw iru ￿| A 6 dqg
￿| A 7 uhvshfwlyho|1 Zh ￿uvw dgguhvv wkh lvvxh ri wkh h{lvwhqfh ri vnhzqhvv dqg nxuwrvlv143
Wdeoh : uhsruwv dw gdlo| iuhtxhqf|/ iru hdfk vhulhv/ wkh qxpehu ri wlphv zkhq frqvwudlqwv ￿| A 6 dqg
￿| A 7 zhuh elqglqj1 Wklv frxqwv wkh qxpehu ri gd|v zkhq vnhzqhvv ru nxuwrvlv grhv qrw h{lvw ryhu wkh
vdpsoh xqghu vwxg|1
Zh ￿uvw frqvlghu iruhljq h{fkdqjh uhwxuqv dqg vwrfn0pdunhw uhwxuqv1 Wkh qxpehu ri gdwhv gxulqj
zklfk wkh vnhzqhvv grhv qrw h{lvw lv yhu| orz1 Wkh odujhvw sursruwlrq ri lq￿qlwh vnhzqhvv lv rewdlqhg iru
wkh \HQ0XV dqg wkh Qlnnhl/ zlwk 316( ri wkh vdpsoh lq erwk fdvhv1
Wkh qxpehu ri fdvhv zkhuh wkh nxuwrvlv grhv qrw h{lvw lv/ e| frqvwuxfwlrq/ odujhu wkdq iru wkh vnhzqhvv/
vlqfh wkh frqvwudlqw ￿| A 7 lv pruh riwhq elqglqj wkdq ￿| A 61 Lw lv dv kljk dv 816( iru wkh Qlnnhl dqg
717( iru wkh \HQ0XV h{fkdqjh udwh1 Wkhuhiruh/ iru wkhvh pdunhwv/ dvvxplqj wkh h{lvwhqfh ri wkh irxuwk
prphqw pd| eh plvohdglqj1
Wxuqlqj qrz wr lqwhuhvw0udwh fkdqjhv/ zh ￿qg wkdw vnhzqhvv dqg nxuwrvlv gr qrw h{lvw iru pdq|
gdwhv1 Lq sduwlfxodu/ iru wkuhh0prqwk lqwhuhvw0udwh fkdqjhv/ nxuwrvlv qhyhu h{lvwv zkdwhyhu wkh frxqwu|1
Pruhryhu/ iru Iudqfh dqg Jhupdq|/ hyhq vnhzqhvv lv irxqg wr eh lq￿qlwh lq prvw fdvhv1 Frqfhuqlqj
orqj0whup lqwhuhvw0udwh fkdqjhv/ zh rewdlq wkdw Jhupdq dqg XN nxuwrvlv gr qrw h{lvw iru d odujh qxpehu
ri gdwhv +ehwzhhq 45( dqg 93( ri wkh vdpsoh,1 \hw/ vnhzqhvv h{lvwv iru doprvw doo gdwhv iru hdfk frxqwu|1
815 Shuvlvwhqfh ri vnhzqhvv dqg nxuwrvlv
Zh wxuq qrz wr wkh lvvxh ri wkh shuvlvwhqfh ri vnhzqhvv dqg nxuwrvlv1 Dv dq looxvwudwlrq/ zh glvsod| wkh
hyroxwlrq ri ￿| dqg ￿|/ dqg wkh ￿uvw irxu prphqwv iru wkh GP0XV h{fkdqjh udwh lq ￿jxuhv 9 dqg : dqg
iru wkh V)S lq ￿jxuhv ; dqg <1 Vlqfh htxdwlrqv +43, dqg +44, ghvfuleh erwk ￿| dqg ￿| dv ghshqglqj rq
odjjhg uhwxuqv/ zh rewdlq wkdw erwk ￿| dqg ￿| glvsod| d sdwwhuq vlplodu wr uhwxuqv +￿jxuhv 9 dqg ;,1 Exw
wklv lv qrw wkh fdvh iru vnhzqhvv dqg nxuwrvlv/ vlqfh uhodwlrqv ehwzhhq +￿|>￿ |, dqg +p￿|>p e|, duh kljko|
qrq0olqhdu rqhv1 Lq ￿jxuh :/ zh ￿uvw qrwh wkdw frqglwlrqdo yrodwlolw| lv kljko| shuvlvwhqw/ exw vwdwlrqdu|1
Pdmru hyhqwv gxulqj wkh vdpsoh shulrg +dv wkh Vhswhpehu 4<<5 HPV fulvlv ru wkh Vhswhpehu 4<<; Uxvvldq
fulvlv, duh dvvrfldwhg zlwk d orqj0odvwlqj lqfuhdvh lq yrodwlolw|1 Wkh phdq0uhyhuwlqj wlph shulrg fdq eh
dv orqj dv rqh prqwk1 D sduwlfxoduo| lqwhuhvwlqj ihdwxuh ri vnhzqhvv dqg nxuwrvlv lv wkdw wkh| duh idu
ohvv shuvlvwhqw wkdq yrodwlolw|1 Vwduv lq ￿jxuhv iru vnhzqhvv dqg nxuwrvlv lqglfdwh gdwhv zkhq nxuwrvlv zdv
irxqg wr eh lq￿qlwh +￿| ? 7, 1 Zh qrwlfh wkdw d vwurqj lqfuhdvh lq yrodwlolw| lv jhqhudoo| dffrpsdqlhg e|
lq￿qlwh vnhzqhvv dqg nxuwrvlv1 Pruhryhu/ wkhvh ￿jxuhv gr qrw uhyhdo vwurqj vhuldo fruuhodwlrq ri vnhzqhvv
dqg nxuwrvlv1 Forvhu lqvshfwlrq ri nxuwrvlv iru wkh V)S uhyhdov vrph nxuwrvlv foxvwhulqj1
Iru wkh V)S/ zh dovr glvsod| lq ￿jxuh 43 d vfdwwhusorw ri sdvw dqg fxuuhqw vnhzqhvv lq wkh wrs judsk dv
zhoo dv ri sdvw dqg fxuuhqw nxuwrvlv lq wkh erwwrp judsk1 Dw ￿uvw jodqfh/ zh qrwlfh d srvlwlyh uhodwlrqvkls
43Lq idfw/ wkhuh duh rqo| yhu| ihz fdvhv zkhuh vnhzqhvv h{lvwv exw nxuwrvlv grhv qrw h{lvw/ +￿ ￿# | ￿ e,1
48ehwzhhq sdvw dqg fxuuhqw vnhzqhvv1 Wkh vhuldo fruuhodwlrq frh!flhqw lv 315 dqg wkh vxp ri gldjrqdo
hohphqw lq wkh wudqvlwlrq pdwul{ lv 631;(1
Wr jdlq ixuwkhu lqvljkw rq shuvlvwhqfh lq wklug dqg irxuwk prphqwv/ wdeohv ; dqg < uhsruw wudqvlwlrq
suredelolw| pdwulfhv iru vnhzqhvv dqg nxuwrvlv uhvshfwlyho|1 Zh udqn wkh ydoxh ri d kljkhu prphqw lqwr rqh
ri ￿yh srvvleoh fdwhjrulhv1 Iluvw/ hqwulhv zlwk lq￿qlwh ydoxhv zhuh lvrodwhg +lq dq lqwhuydo ghqrwhg e|LD,1 Iru
wkh uhpdlqlqj hqwulhv/ zh frqvwlwxwh irxu lqwhuydov/ fruuhvsrqglqj wr wkh txduwlohv +L￿/ m @4 >===7,1 Hohphqwv
+d>e, ri wudqvlwlrq suredelolw| pdwulfhv phdvxuh wkh shufhqwdjh ri wlphv wkdw wkh vhulhv pryhv iurp d
vnhzqhvv +ru nxuwrvlv, lq txduwloh e dw wlph w￿4 wr txduwloh d dw wlph w1 Frqvlghulqj wudqvlwlrq suredelolw|
doorzv wr flufxpyhqw vrph gudzedfnv ri vhuldo fruuhodwlrq frh!flhqwv lq suhvhqfh ri rxwolhuv144 Lq devhqfh
ri vhuldo fruuhodwlrq/ hdfk hohphqw ri wkh wudqvlwlrq pdwul{ zrxog kdyh wkh vdph ydoxh +4@4 9@9 =58(,1 Lq
fdvh ri d srvlwlyh fruuhodwlrq/ hohphqwv dorqj wkh sulqflsdo gldjrqdo duh odujhu wkdq r￿0gldjrqdo hohphqwv1
Zh ￿uvw frqvlghu wudqvlwlrq pdwulfhv iru vnhzqhvv/ iru h{fkdqjh udwhv dqg vwrfn uhwxuqv +wdeoh ;,1 Lq
prvw fdvhv/ zh rewdlq d srvlwlyh uhodwlrq ehwzhhq p￿| dqg p￿|3￿1 Ohw xv iru lqvwdqfh frqvlghu wkh XN0XV
h{fkdqjh udwh1 Dw dq| gdwh w￿4/ wkh vnhzqhvv idoov lq txduwloh 4 zlwk d suredelolw| ri 58 shufhqw1 Wkhq/
frqglwlrqdoo| rq wkh idfw wkdw p￿|3￿ ehorqjhg wr txduwloh 4/ wkh vnhzqhvv dw gdwh w wxuqv rxw wr eh lq
txduwloh 4 lq 441: rxw ri wkh 58 fdvhv/ zkhuhdv lw lv lq txduwloh 7 lq rqo| 6 rxw ri 58 fdvhv1 Li zh vxp
suredelolwlhv rq wkh gldjrqdo/ zh rewdlq 7419(1 Wklv lv pxfk kljkhu wkdq 58(/ dv lw zrxog suhydlo lq fdvh
ri devhqfh ri vhuldo fruuhodwlrq1 Zh fdq frqfoxgh wkdw vnhzqhvv ri wkh XN0XV h{fkdqjh udwh kdv d vwurqj
srvlwlyh fruuhodwlrq1 Lqwhuhvwlqjo|/ zh qrwlfh wkdw vnhzqhvv lq orz dqg kljk txduwlohv +txduwlohv 4 dqg 7,
dw gdwh w ￿ 4 glvsod|v d odujhu suredelolw| wr vwd| lq wkh vdph vwdwh dw wlph w1 Wklv shuvlvwhqfh0uhvxow ri
vwdwhv lv udwkhu jhqhudo1 Iru lqvwdqfh/ wkh vxp ri hohphqwv rq wkh ￿uvw gldjrqdo lv kljk iru wkh GP0XV
dqg II0XV h{fkdqjh udwhv +681;(/ dqg 6<168( uhvshfwlyho|, dqg iru wkh GD[ dqg IWVH uhwxuqv +6<16(
dqg 6:18( uhvshfwlyho|,1 Pruhryhu/ hohphqwv +4>4, dqg +7>7, ri wkh wudqvlwlrq pdwul{ kdyh suredelolw|
odujhu wkdq 43(1
Ilqdoo|/ iru wzr vhulhv/ wkh \HQ0XV h{fkdqjh udwh dqg wkh FDF uhwxuq/ zh rewdlq d qhjdwlyh uhod0
wlrqvkls ehwzhhq p￿| dqg p￿|3￿1
Qrz/ zh wxuq wr wkh shuvlvwhqfh ri nxuwrvlv1 Iru vrph pdunhwv/ zh rewdlq d vwurqj srvlwlyh uhodwlrq
ehwzhhq sdvw dqg fxuuhqw nxuwrvlv1 Wkh vxp ri gldjrqdo hohphqwv lv 7414( iru wkh V)S/ 7314( iru wkh
Qlnnhl dqg 6818( iru wkh IWVH1 Lqvshfwlrq ri ￿jxuh 43/ erwwrp sdqho/ frq￿upv wkdw wkh V)S glvsod|v
d udwkhu shuvlvwhqw nxuwrvlv1 Rq wkh frqwudu|/ zh rewdlq d qhjdwlyh uhodwlrqvkls iru prvw h{fkdqjh udwhv
+GP0XV/ XN0XV/ dqg II0XV, dqg iru wkh FDF uhwxuq1
816 Frvnhzqhvv dqg frnxuwrvlv
Dq dexqgdqw olwhudwxuh kdv grfxphqwhg yrodwlolw| fr0pryhphqwv +vhh/ h1j1/ Kdpdr/ Pdvxolv/ dqg Qj/
4<<3/ ru Vxvpho dqg Hqjoh/ 4<<7/ iru vwrfn pdunhwv,1 Pruh uhfhqwo|/ vrph dxwkruv vwdwhg wkdw fruuhodwlrq
44Wklv lv d zhoo0nqrzq sureohp1 Wkh fruuhodwlrq frh!flhqw fdq eh eldvhg/ li wzr h{wuhph ydoxhv rffxuv dw wzr frqvhfxwlyh
gdwhv1 Zlwk wudqvlwlrq pdwulfhv/ rxwolhuv fdqqrw eldv fruuhodwlrq phdvxuhv/ vlqfh wkh| rqo| dsshdu dv hohphqwv ri dq lqwhuydo1
49ehwzhhq pdunhwv pd| lqfuhdvh gxulqj shulrgv ri kljk yrodwlolw| +Orqjlq dqg Vroqln/ 4<<8/ Udpfkdqg dqg
Vxvpho/ 4<<;,1 Qrz/ zh zlvk wr dgguhvv wkh lvvxh ri fr0pryhphqwv ehwzhhq pdunhwv xqghu lqyhvwljdwlrq
lq whupv ri vnhzqhvv dqg nxuwrvlv1 D srvlwlyh frvnhzqhvv ehwzhhq wzr pdunhwv lqglfdwhv dq lqfuhdvh
lq wkh suredelolw| ri rffxuuhqfh ri d odujh hyhqw lq wkh vdph gluhfwlrq rq erwk pdunhwv1 D srvlwlyh
frnxuwrvlv uhyhdov dq lqfuhdvh lq wkh suredelolw| ri rffxuuhqfh ri d odujh hyhqw rq erwk pdunhwv/ zkdwhyhu
wkh gluhfwlrq ri wkh vkrfn1
Wr looxvwudwh wkh vwurqj uhodwlrqvkls ehwzhhq kljkhu prphqwv ri GP0XV dqg IU0XV/ ￿jxuh 44 glvsod|v
d vfdwwhusorw ri vnhzqhvv dqg nxuwrvlv iru wkh h{fkdqjh udwhv1 Wkh uhodwlrq lv fohduo| srvlwlyh1 Lq devhqfh
ri rxwolhuv/ wkh hvwlpdwlrq ri wkh fruuhodwlrq frh!flhqw lv qrw eldvhg1 Wkhuhiruh/ zh uhjuhvv wkh GP0XV
prphqw rq wkh fruuhvsrqglqj IU0XV prphqw1 Zh ￿qg d sdudphwhu hvwlpdwh ri 4144; +zlwk vwdqgdug
huuru ri 31343, iru vnhzqhvv dqg 31<54 +zlwk vwdqgdug huuru ri 31344, iru nxuwrvlv1 Fruuhfwhg U2 duh dv
kljk dv 31;: dqg 31:: uhvshfwlyho|1
Wdeohv 43 dqg 44 uhsruw mrlqw suredelolw| pdwulfhv iru frvnhzqhvv dqg frnxuwrvlv iru vrph sdluv ri
pdunhwv1 Zh frqvlghu uhodwlrqvklsv ehwzhhq wkh GP0XV h{fkdqjh udwhv ylv0ª0ylv rwkhu fxuuhqflhv/ dqg
uhodwlrqvklsv ehwzhhq wkh V)S dqg rwkhu vwrfn0pdunhw lqglfhv1
Iluvw/ frqvlghulqj h{fkdqjh udwhv/ zh ￿qg odujh srvlwlyh fr0pryhphqwv ri vnhzqhvv ehwzhhq Hxurshdq
fxuuhqflhv1 Wkh vxp ri gldjrqdo hohphqwv lv dv kljk dv :6( iru GP0XV dqg IU0XV dqg 83( iru GP0XV
dqg XN0XV1 Wklv lqglfdwhv/ iru lqvwdqfh/ wkdw wkh rffxuuhqfh ri d GP0XV vnhzqhvv lq d jlyhq txduwloh lv
dvvrfldwhg/ lq :6 rxw ri 433 fdvhv/ zlwk d IU0XV vnhzqhvv lq wkh vdph txduwloh1 Pruhryhu/ wkh vwurqj olqn
ehwzhhq erwk vnhzqhvv pdlqo| frphv iurp odujh hyhqwv/ vlqfh hohphqwv +4>4, dqg +7>7, ri wkh wudqvlwlrq
pdwul{ h{fhhg 53( iru wkh GP0XV dqg IU0XV dqg 48( iru wkh GP0XV dqg XN0XV1
Lqvshfwlrq ri wdeoh 44 uhyhdov d vlplodu sdwwhuq iru frnxuwrvlv1 Wkh vxp ri gldjrqdo hohphqwv lv :;(
iru GP0XV dqg IU0XV dqg 6;( iru GP0XV dqg XN0XV1
Wxuqlqj wr vwrfn pdunhwv/ zh rewdlq srvlwlyh uhodwlrqv ehwzhhq vnhzqhvv dqg ehwzhhq nxuwrvlv1 Exw
olqnv duh zhdnhu wkdq wkrvh rewdlqhg zlwk h{fkdqjh udwhv1 Wkh odujhvw fr0pryhphqwv duh irxqg iru wkh
V)S dqg IWVH1 Wkh vxp ri gldjrqdo hohphqwv lv 68( iru vnhzqhvv dqg 66( iru nxuwrvlv1 Iru rwkhu
pdunhwv/ zh qrwlfh vrph fr0pryhphqwv/ exw rqo| iru wkh ￿uvw dqg irxuwk txduwlohv/ wkxv iru pruh h{wuhph
hyhqwv1 Wkhuhiruh/ rqfh djdlq/ rxu uhvxowv lqglfdwh wkdw fr0pryhphqwv ri prphqwv eh|rqg yrodwlolw| duh
pruh lqwhqvlyh gxulqj djlwdwhg shulrgv1
9 Frqfoxvlrq
Wklv zrun kdv vkrzq krz wr lpsohphqw gluhfwo| Kdqvhq*v +4<<7, prgho zlwkrxw dg0krf sdudphwhu uhvwulf0
wlrqv1 Wklv lpsohphqwdwlrq lqyroyhv d vhtxhqwldo txdgudwlf surjudpplqj dojrulwkp zkhuh hyhq vhyhudo
wkrxvdqg frqvwudlqwv pd| dulvh1
Wkh prgho lv uxq ryhu d odujh qxpehu ri vhulhv dw gdlo| dqg zhhno| iuhtxhqf|1 Iru gdlo| gdwd zh
￿qg hylghqfh ri shuvlvwhqfh iru iruhljq h{fkdqjh gdwd dqg vwrfn lqglfhv/ ohvv vr iru lqwhuhvw udwh fkdqjhv1
4:Hvshfldoo| iru vkruw whup lqwhuhvw udwhv olwwoh hylghqfh ri shuvlvwhqfh ri kljkhu prphqwv lv irxqg1 Wxuqlqj
wr d zhhno| iuhtxhqf|/ hyhq iruhljq h{fkdqjh dqg vwrfn pdunhw kljkhu0prphqwv orrvh wkhlu suhglfwdelolw|1
Zh h{whqg wkh ￿qglqj ri Kduyh| dqg Vlggltxh +4<<<, wkdw wkh prgholqj ri dv|pphwulhv ri yrodwlolw|
kdv qr lpsdfw rq wkh g|qdplfv ri wkh vnhzqhvv sdudphwhu wr wkh fdvh ri nxuwrvlv1
Wxuqlqj wr furvv0vhfwlrqdo vnhzqhvv dqg nxuwrvlv/ zh grfxphqw wkdw kljkhu prphqwv ri iruhljq h{0
fkdqjh gdwd dqg vwrfn uhwxuqv duh vwurqjo| fruuhodwhg1
Wkh phwkrgrorj| ghyhorshg lq wklv sdshu lv lpsruwdqw iru g|qdplf sruwirolr doorfdwlrq dqg wkh
whvwlqj ri frqglwlrqdo ￿qdqfldo prghov1 Jlyhq wkdw zh prgho wkh wdlov ri d glvwulexwlrq/ rxu prgho lv
dovr ri uhohydqfh iru ydoxh dw ulvn prghov1 Wkh prgho frqvlghuhg jlyhv d frqglwlrqdo ghvfulswlrq ri wkh
wdlo ehkdylru ri uhwxuqv1 Wkdw ￿qdqfldo uhwxuqv duh idw0wdlohg lv qrw qhz1 Pdqghoeurw +4<:6, phqwlrqv
wkdw uhwxuqv vkrxog eh prghohg zlwk vwdeoh odzv1 Vwdeoh glvwulexwlrqv gr qrw dgplw vhfrqg prphqwv1
Zlwkrxw ehlqj vr gudvwlf/ zh duh deoh wr txdqwli| wkrvh gdwhv zkhuh nxuwrvlv dqg srvvleo| hyhq vnhzqhvv
fhdvhv wr h{lvw1 Rxu prgho surylghv/ wkxv/ dq dowhuqdwlyh wr vwdeoh odzv1
Wkh prghov lv suhvhqwo| xqlyduldwh1 Pxowlyduldwh h{whqvlrqv pd| eh dfklhyhg zlwk frsxod ixqfwlrqv/
l1h1/ Qhovhq +4<<<,1 Vr idu zh hpskdvl}hg wkh lpsruwdqfh ri wklv prgho iru hfrqrplf dssolfdwlrqv/ |hw
wkh prgholqj ri d fhuwdlq w|sh ri sdudphwulf khwhurvnhgdvwlflw| pd| eh ri uhohydqfh wr jdlq lq h!flhqf|1
4;Dsshqgl{ D
Lq wkh iroorzlqj zh ghulyh d fhuwdlq qxpehu ri wkhruhwlfdo uhvxowv frqfhuqlqj Kdqvhq*v +4<<7, jhqhudol}hg0






















gh￿qhg iru 3 ?￿ @ ￿?q.4 / s 9@3 /d q gt 9@3zkhuh ￿ lv wkh jdppd ixqfwlrq iru zklfk ￿+{,@
+{￿4,￿+{￿4, dqg ￿+4@5, @
s
￿1 Zh ￿uvw xvh wklv ohppd wr yhuli| wkdw wkh h{suhvvlrq +4,/ jlyhq lq wkh
wh{w wuxo| gh￿qhv d ghqvlw|1



































D fkdqjh ri yduldeoh lq wkh ohiw lqwhjudo/ iurp { lqwr ￿{/ vkrzv wkdw wkh wzr lqwhjudov lq wkh fhqwhu duh

















+4 ￿ ￿,[ li [ ￿ 3>
+4 . ￿,[ li [A3=
Wkh phdq dqg yduldqfh duh gh￿qhg dv d ￿ H^\ ‘ dqg e2 ￿ Y^\ ‘1
j+|m￿>￿,@
;
A A A ?























Wkh ￿uvw prphqw ri \ / p￿ ￿ H^\ ‘ iroorzv iurp





























@ L@ . LK=
4<Zh shuirup wkh fkdqjh ri yduldeohv | @+ 4￿ ￿,{ dqg | @+ 4.￿,{ lq wkh wzr lqwhjudov1 Lw iroorzv iurp
wkh ohppd wkdw



































1 Sxwwlqj hyhu|wklqj wrjhwkhu |lhogv




Wkh vhfrqg prphqw ri \ iroorzv xvlqj vlplodu frpsxwdwlrqv= p2 ￿ H^\ 2‘@L@ . LK= Wkh vdph fkdqjh






















Dovr LK @+ 4.￿,￿@+4 ￿ ￿,￿L@ dqg/ wkhuhiruh/ diwhu vhyhudo vlpsol￿fdwlrqv zh jhw wkdw H^\ 2‘@4.6 ￿2=
Vlqfh Y^\ ‘@H^\ 2‘ ￿ +H^\ ‘,2/ zh rewdlq wkdw e2 ￿ Y^\ ‘@4.6 ￿2 ￿ d2= Vlqfh frqglwlrqdo uhvlgxdov duh
dvvxphg wr kdyh }hur phdq dqg xqlw yduldqfh/ zh lqwurgxfh wkh udqgrp yduldeoh ] @+ \ ￿ d,@e zklfk
zloo eh fhqwhuhg/ l1h1/ zlwk phdq 3/ dqg uhgxfhg/ l1h1/ zlwk yduldqfh 41 Wkh sdvvdjh iurp \ wr ] zloo qrw
fkdqjh wkh frqvwdqw f/ lw lv rqo| qhfhvvdu| wr pxowlso| wkh ghqvlw| e| wkh Mdfreldq ri wkh wudqvirupdwlrq
e3￿1 Fohduo|/ wkh udqgrp yduldeoh ] ￿ +\ ￿ d,@e kdv }hur phdq dqg xqlw yduldqfh1 Wkh ghqvlw| ri ]
iroorzv iurp wkh fkdqjh ri yduldeoh \ @ e] . d dqg lv glvsod|hg lq irupxod +4, ri wkh wh{w1
Wkrvh frpsxwdwlrqv yhuli| Kdqvhq*v1 Rxu prgho lqyroyhv/ krzhyhu/ kljkhu rughu prphqwv wkdw zh
frpsxwh qrz1 Wkh wklug prphqw ri \ lv jlyhq e| p￿ ￿ H^\ ￿‘@L@ . LK= Wkh vdph fkdqjh ri yduldeohv
dv suhylrxvo| |lhogv



























+4 ￿ ￿,e+￿ ￿ 5,2
+￿ ￿ 4,+￿ ￿ 6,
zkhuh wkh ￿uvw htxdolw| iroorzv iurp d vwudljkwiruzdug dssolfdwlrq ri wkh ohppd1 Wkh vhfrqg htxdolw|
iroorzv iurp vlpsoh dojheud1 Dovr LK @+ 4.￿,e@+4 ￿ ￿,eL@= Hyhqwxdoo| zh rewdlq
p￿ @4 9 f￿+4 . ￿2,
+￿ ￿5,2
+￿ ￿ 4,+￿ ￿ 6,




H^\ ￿‘ ￿ 6dH^\ 2‘.5 d￿
l
@e￿=
Zh qrz wxuq wr wkh frpsxwdwlrq ri wkh odvw prphqw ri lqwhuhvw iru wklv sdshu1 D jhqhudol}dwlrq iru
hyhq kljkhu prphqwv fdq eh hdvlo| rewdlqhg1 Wkh irxuwk prphqw pd| djdlq eh zulwwhq dv wkh vxp ri
lqwhjudov= pe @ L@ . LK=
Zh kdyh

































Wkh ydulrxv vwhsv lqyroyhg lq wkh frpsxwdwlrq xvh wkh vdph whfkqltxhv dv suhylrxvo|1 Dovr/ lw fdq eh
vkrzq wkdw LK @+ 4.￿,D@+4￿￿,DL@= Wkh vhfrqg htxdolw| iroorzv iurp wkh ohppd dqg wkh wklug rqh iurp




+4 . 43￿2 .8￿e,
gh￿qhg li ￿A71 Zh dovr rewdlq wkh dvvrfldwhg prphqw ri ] dv=
H^]e‘@
k
H^\ e‘ ￿7dH^\ ￿‘.9 d2H^\ 2‘ ￿ 6de
l
@ee=
Zh yhul￿hg wkrvh irupxodv dqg wkhlu qxphulfdo lpsohphqwdwlrq e| frpsxwlqj wkh ydulrxv prphqwv yld
qxphulfdo lqwhjudwlrq ri d jhqhudol}hg0w1
54Dsshqgl{ E
Lq wkh iroorzlqj dsshqgl{/ zh suhvhqw wkh frpsxwdwlrqv ri wkh judglhqw ri wkh orj0olnholkrrg1 Wr
vlpsoli| qrwdwlrqv/ zh irfxv rq wkh judglhqw ri d vlqjoh revhuydwlrq1 Vxppdwlrq ri wkhvh judglhqwv |lhogv
wkh vdpsoh judglhqwv1 Zh gh￿qh g @+ eu@￿ . d,@+4 ￿ ￿v, zkhuh v lv d vljq gxpp| wdnlqj wkh ydoxh ri 4
li eu@￿ . d?3 dqg v @ ￿4 rwkhuzlvh1 Zh dovr gh￿qh y￿ @4.g2@+￿ ￿ 5,1 Zh uhfdoo wkdw wkh olnholkrrg
ri dq revhuydwlrq lv






















Wr rewdlq wkh judglhqwv zlwk uhvshfw wr wkh ydulrxv sdudphwhuv dfcen
f >e 3
f >f f>d ￿ce￿￿>e ￿2>d ￿ce2￿>e 22 zh gh0
frpsrvh wkh sureohp dqg pdnh iuhtxhqw xvh ri wkh fkdlq uxoh ri gl￿huhqwldwlrq1 Wkh qhfhvvdu| lqjuhglhqwv











































































@7 ￿+￿ ￿ 5,+￿ ￿ 4,3￿Cf
C￿

















































zkhuh ￿+￿, lv wkh ghulydwlyh ri wkh orj ri wkh jdppd ixqfwlrq1 Wklv ghulydwlyh lv nqrzq dv wkh gl0jdppd
ixqfwlrq/ zklfk pd| eh lpsohphqwhg zlwk ghvluhg dffxudf|1 Wkh Iruwudq oleudu| LPVO dovr lpsohphqwv
wklv ixqfwlrq1














































































Iru wkh sureohp zlwk orjlvwlf wudqvirup/ wkh judglhqwv duh rewdlqhg lq d vlplodu pdqqhu1
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